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SYMPLECTIC PERIODIC FLOWS WITH EXACTLY
THREE EQUILIBRIUM POINTS
DONGHOON JANG
Abstract. Let the circle act symplectically on a compact, connected
symplectic manifold M . If there are exactly three fixed points, M is
equivariantly symplectomorphic to CP2.
1. Introduction
The study of fixed points of flows or maps is a classical and important
topic studied in geometry and dynamical systems. Torus actions in sym-
plectic geometry correspond to periodic flows in mechanical systems. Fixed
points by the actions correspond to equilibrium points by the flows. If a
torus action has fixed points, a lot of information is encoded by the fixed
point set of the action.
Hamiltonian actions are symplectic but symplectic actions need not be
Hamiltonian. Hence it is a natural question to ask if there is a non-Hamiltonian
symplectic action on a compact symplectic manifold when given a certain
number of fixed points. It is a classical fact that a Hamiltonian circle action
on a compact symplectic manifold (M,ω) has at least 12 dimM + 1 fixed
points.
Let the circle act symplectically on a compact, connected symplectic man-
ifold M . First of all, there cannot be exactly one fixed point. Also, due to
C. Kosniowski, if there are exactly two fixed points, then either M is the
2-sphere or dimM = 6 [Ko]. This is reproved by A. Pelayo and S. Tolman
using another method [PT]. This result itself does not rule out the possi-
bility that there is a 6-dimensional compact symplectic manifold M with
exactly two fixed points by the symplectic circle action. In this paper, we
follow the method that A. Pelayo and S. Tolman use.
In this paper we study symplectic circle actions on compact, connected
symplectic manifolds with exactly three fixed points. The conclusion is
that in this case the manifold must be 4-dimensional and it is equivariantly
symplectomorphic to CP2 with the standard action. In particular, if there
are exactly three fixed points, symplectic circle actions are Hamiltonian.
In the proof, we use the equivariant cohomology ofM and weights at each
fixed point. ABBV localization Theorem is used, but only the image of 1
is used. If there is a weight a for some fixed point p, then there also is a
weight −a for some fixed point. If two distinct fixed points lie in the same
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component N of MZk for some k > 1, then weights at the two fixed points
are equal modulo k. The number of fixed points with i negative weights is
the same as the number of fixed points with n − i negative weights, where
dimM = 2n.
A two form σ ∈ Ω2(M) on a compact manifold M is called a symplectic
form if it is closed and non-degenerate. If a circle action on M preserves
σ, then the action is called symplectic. Let XM be the vector field on M
induced by the circle action. Then the action is called Hamiltonian, if there
exists a map µ : M → R such that
−dµ = ιXMσ.
This implies that every symplectic action is Hamiltonian if H1(M ;R) = 0,
since ιXMσ is closed. The main result of this paper is the following:
Theorem 1.1. Let the circle act symplectically on a compact, connected
symplectic manifold M . If there are exactly three fixed points, M is equiv-
ariantly symplectomorphic to CP2.
Proof. By quotienting out by the subgroup which acts trivially, without loss
of generality we may assume that the action is effective. Then this is an
immediate consequence of Proposition 4.3, Proposition 5.1, and Proposition
6.1 below. 
2. Backgrounds and Notations
Consider a circle action on a manifold M . The equivariant cohomology of
M is defined by H∗S1(M) = H
∗(M ×S1 S
∞). If M is oriented and compact,
then from the projection map pi : M ×S1 S
∞ → CP∞ we obtain a natural
push-forward map
pi∗ : H
i
S1(M ;Z)→ H
i−dimM
S1
(CP∞;Z)
This map is given by ”integration over the fiber” and denoted by
∫
M
.
Theorem 2.1. (ABBV localization) [AB] Let the circle act on a compact
oriented manifold M . Fix α ∈ H∗
S1
(M ;Q). As elements of Q(t),∫
M
α =
∑
F⊂MS
1
∫
F
α|F
eS1(NF )
,
where the sum is over all fixed components, and eS1(NF ) denotes the equi-
variant Euler class of the normal bundle to F.
Let the circle act symplectically on a symplectic manifold (M,σ). To each
isolated fixed point p ∈ MS
1
, we can assign well-defined non-zero (integer)
weights ξ1p, ..., ξ
n
p in the isotropy representation TpM(repeated with multi-
plicity). Denote σi by the i
th elementary symmetric polynomial. Then the
ith-equivariant Chern class is given by
ci(M)|p = σi(ξ
1
p , ..., ξ
n
p )t
i,
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where t is the generator of H2
S1
(p;Z). For instance, the first Chern class
map at p is given by c1(M)|p = Σξ
i
pt, and the equivariant Euler class of the
tangent bundle at p is given by eS1(NF ) = cn(M)|p = (
∏
ξip)t
n. Hence,∫
p
ci(M)|p
eS1(Np)
=
σi(ξ
1
p , ..., ξ
n
p )∏
ξjp
ti−n.
Weights in the isotropy representation TpM also satisfy the following:
Lemma 2.2. [PT] Let the circle act symplectically on a compact symplectic
2n-manifold with isolated fixed points. Then
|{p ∈MS
1
| λp = 2i}| = |{p ∈M
S1 | λp = 2n − 2i}|, for all i,
where λp is twice of the number of negative weights at p for all p ∈M
S1.
Corollary 2.3. [PT] Let the circle act symplectically on a compact sym-
plectic 2n-manifold with k isolated fixed points. If k is odd, then n is even.
Lemma 2.4. [PT] Let the circle act symplectically on a compact symplectic
manifold M with isolated fixed points. Then∑
p∈MS
1
Np(l) =
∑
p∈MS
1
Np(−l), for all l ∈ Z.
Here, Np(l) is the multiplicity of l in the isotropy representation TpM for
all weights l ∈ Z and all p ∈MS
1
.
Lemma 2.5. [T] Let the circle act on a compact symplectic manifold (M,ω).
Let p and p′ be fixed points which lie in the same component N of MZk , for
some k > 1. Then the S1-weights at p and at p′ are equal modulo k.
Let the circle act on a compact symplectic manifold M . Let p and p′ be
fixed points which lie in the same component N of MZk , for some k > 1.
Denote Σp and Σp′ by the multisets of weights at p and p
′, respectively.
Lemma 2.5 states that there exists a bijection between Σp and Σp′ that
takes each weight α at p to a weight β at p′ such that α ≡ β mod k.
Theorem 2.6. [PT] Let the circle act symplectically on a compact, con-
nected symplectic manifold M with exactly two fixed points. Then either M
is the 2-sphere or dimM = 6 and there exist natural numbers a and b so
that the weights at the two fixed points are {a, b,−a−b} and {a+b,−a,−b}.
Corollary 2.7. [PT] Let the circle act symplectically on a compact sym-
plectic manifold M with non-empty fixed point set. Then there are at least
two fixed points, and if dimM ≥ 8, then there are at least three fixed points.
Moreover, if the Chern class map is not identically zero and dimM ≥ 6,
then there are at least four fixed points.
3. Preliminaries
One of the main ideas to prove Theorem 1.1 is to look at the biggest
weight among all the weights of fixed points.
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Consider a symplectic circle action on a 2n-dimensional compact, con-
nected symplectic manifold M with exactly three fixed points. The key fact
is that the largest weight occurs only once. From this it follows that if with-
out loss of generality we assume that λp ≤ λq ≤ λr where p, q, and r are the
three fixed points, then λp = n− 2, λq = n, and λr = n+ 2.
Definition 3.1. A weight d is the largest weight if it is the biggest weight
such that
∑
u∈MS
1 Nu(d) > 0.
Lemma 3.2. Let the circle act symplectically on a compact, connected sym-
plectic manifold M and suppose that there are exactly three fixed points. Let
d be the largest weight. Then the isotropy submanifold MZd contains ex-
actly two components that have fixed points: one isolated fixed point and one
two-sphere that contains two fixed points.
Proof. Consider the isotropy submanifold MZd . By Theorem 2.6, the only
possible cases are:
(1) The isotropy submanifold MZd contains a 2-sphere with two fixed
points. The third fixed point is another component of MZd .
(2) The isotropy submanifold MZe contains a 6-dimensional component
with two fixed points. The third fixed point is another component
of MZd .
(3) The isotropy submanifold MZd contains a component with the three
fixed points.
The subset inclusions may not be equalities since MZd may contain other
components with no fixed points.
Suppose that the second case holds. By Theorem 2.6, the weights in the
isotropy submanifold MZd at two fixed points that lie in the 6-dimensional
component are {a, b,−a− b} and {−a,−b, a+ b} for some natural numbers
a and b. Moreover, a, b, and a + b are multiples of d, which is impossible
since d is the largest weight.
Suppose that the third case holds. Let Z be the component. Let dimZ =
2m. Since all the weights in the isotropy submanifold MZd are either d or
−d, by Theorem 2.1,
0 =
∫
Z
1 =
1∏m
i=1±d
+
1∏m
i=1±d
+
1∏m
i=1±d
= ±
1
dm
∓
1
dm
±
1
dm
6= 0,
which is a contradiction.
Hence the first case is the case and the weights in the isotropy submani-
fold MZd at the two fixed points in the 2-sphere are {−d} and {d}. 
Lemma 3.3. Let the circle act symplectically on a 2n-dimensional compact,
connected symplectic manifold M and suppose that there are exactly three
fixed points. Then we can label the fixed points p, q, and r so that λp =
n− 2, λq = n, and λr = n+ 2. Moreover, if dimM 6= 4, then after possibly
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reversing the circle action, we may assume that −d ∈ Σp and d ∈ Σq, where
d is the largest weight.
Proof. Let p, q, and r be the fixed points. Without loss of generality, assume
that λp ≤ λq ≤ λr. By Corollary 2.3, n is even. Also, since the number of
fixed points is odd, λq = n by Lemma 2.2. Moreover, since M is connected,
dimM 6= 0.
First, assume that dimM = 4. Then by Lemma 2.2, either λp = λq =
λr = 2, or λp = 0, λq = 2, and λr = 4. Suppose that λp = λq = λr = 2.
Then by Theorem 2.1,
0 =
∫
M
1 =
1∏2
i=1 ξ
i
p
+
1∏2
i=1 ξ
i
q
+
1∏2
i=1 ξ
i
r
< 0,
which is a contradiction. Hence λp = 0, λq = 2, and λr = 4.
Next, assume that dimM ≥ 8. By Lemma 3.2, we can label the fixed
points α, β, and γ such that α and β lie in the same 2-dimensional connected
component of MZd such that −d ∈ Σα, d ∈ Σβ, and Nγ(d) = Nγ(−d) = 0.
By reversing the circle action if necessary, we may assume that either λα ≤
λγ or λβ ≤ λγ . Moreover, by Corollary 2.7, the first Chern class map is
identically zero. By Lemma 3.4 below, λα + 2 = λβ . Together with Lemma
2.2, the above statements imply that λp = n − 2, λq = n, λr = n + 2,
−d ∈ Σp, and d ∈ Σq. 
To prove Lemma 3.3, we need the following technical Lemma.
Lemma 3.4. Let the circle act on a 2n-dimensional compact symplectic
manifold (M,ω). Let v and w be fixed points in the same 2-dimensional
component Z of MZd, where d is the largest weight. Also suppose that −d ∈
Σv, d ∈ Σw, and c1(M)|v = c1(M)|w. Then λv + 2 = λw.
Proof. By Lemma 2.5, Σv ≡ Σw mod d. Let ξ
i
v, 1 ≤ i ≤ n, and ξ
i
w, 1 ≤
i ≤ n, be the weights at v and w, respectively, where ξiv, ξ
i
w ∈ Z \ {0}. By
permuting if necessary, we can assume that ξiv ≡ ξ
i
w mod d, for all i < n,
ξnv = −d, and ξ
n
w = d. By Lemma 2.4, d > |ξ
i
v| and d > |ξ
i
w|, for i < n. Then
for all i < n, the following holds:
(1) If ξiv > 0 and ξ
i
w > 0, or if ξ
i
v < 0 and ξ
i
w < 0, then ξ
i
v ≡ ξ
i
w mod d
implies ξiv − ξ
i
w = 0.
(2) If ξiv > 0 and ξ
i
w < 0, then ξ
i
v ≡ ξ
i
w mod d implies ξ
i
v − ξ
i
w = d.
(3) If ξiv < 0 and ξ
i
w > 0, then ξ
i
v ≡ ξ
i
w mod d implies ξ
i
v − ξ
i
w = −d.
Moreover, there are λv2 − 1 negative weights in Σv excluding −d and
λw
2
negative weights in Σw. Hence,
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0 = c1(M)|v − c1(M)|w = (ξ
1
v + · · ·+ ξ
n−1
v − d)− (ξ
1
w + · · · + ξ
n−1
w + d)
= (ξ1v − ξ
1
w) + · · ·+ (ξ
n−1
v − ξ
n−1
w )− 2d = d
(
λw
2
−
λv
2
+ 1
)
− 2d
= d
(
λw
2
−
λv
2
− 1
)
.
Therefore, λv + 2 = λw. 
Remark 3.5. We can generalize Lemma 3.4 in the following way: Let the
circle act on a 2n-dimensional compact symplectic manifold (M,ω). Let v
and w be fixed points in the same component Z of MZd, where d is the largest
weight. Then
λv(M)− λw(M) + λv(Z)− λw(Z) = −
2
d
(
c1(M)|v − c1(M)|w
)
.
The proof goes similarly to that of Lemma 3.4.
Finally, when the largest weight is odd, we will need the following closely
related technical lemma.
Lemma 3.6. Let the circle act on a 2n-dimensional compact symplectic
manifold (M,ω). Suppose that fixed points v and w satisfy the conditions in
Lemma 3.4. Let d be the largest weight and assume that d is odd. Suppose
that Σv and Σw have E
+
v and E
+
w positive even weights and E
−
v and E
−
w
negative even weights, respectively. Then E+v − E
−
v − E
+
w + E
−
w = 2.
Proof. By Lemma 2.5, Σv ≡ Σw mod d. Define ξ
i
v’s and ξ
i
w’s as in Lemma
3.4 and recall that the following hold:
(a) If ξiv > 0 and ξ
i
w > 0, or if ξ
i
v < 0 and ξ
i
w < 0, then ξ
i
v − ξ
i
w = 0.
(b) If ξiv > 0 and ξ
i
w < 0, then ξ
i
v − ξ
i
w = d.
(c) If ξiv < 0 and ξ
i
w > 0, then ξ
i
v − ξ
i
w = −d.
Let e+v be a positive even weight at v, e
−
v a negative even weight at v, o
+
v
a positive odd weight at v, and o−v a negative odd weight at v, and similarly
for w. Then since the largest weight d is odd, we have the following:
(1) e+v ≡ e
+
w mod d implies that e
+
v = e
+
w . Hence in c1(M)|v − c1(M)|w,
this pair contributes 0. Suppose that there are k1 such pairs.
(2) e+v ≡ o
−
w mod d implies that e
+
v − o
−
w = d. Hence in c1(M)|v −
c1(M)|w, this pair contributes d. There are E
+
v − k1 such pairs.
(3) e−v ≡ e
−
w mod d implies that e
−
v = e
−
w . Hence in c1(M)|v − c1(M)|w,
this pair contributes as 0. Suppose that there are k2 such pairs.
(4) e−v ≡ o
+
w mod d implies that e
−
v − o
+
w = −d. Hence in c1(M)|v −
c1(M)|w, this pair contributes −d. There are E
−
v − k2 such pairs.
(5) o+v ≡ o
+
w mod d implies that o
+
v = o
+
w . Hence in c1(M)|v− c1(M)|w,
this pair contributes 0. Suppose that there are k3 such pairs.
(6) o+v ≡ e
−
w mod d implies that o
+
v − e
−
w = d. Hence in c1(M)|v −
c1(M)|w, this pair contributes d. There are E
−
w − k2 such pairs.
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(7) o−v ≡ e
+
w mod d implies that o
−
v − e
+
w = −d. Hence in c1(M)|v −
c1(M)|w, this pair contributes −d. There are E
+
w − k1 such pairs.
(8) o−v ≡ o
−
w mod d implies that o
−
v = o
−
w . Hence in c1(M)|v− c1(M)|w,
this pair contributes 0. Suppose that there are k4 such pairs.
Then
0 = c1(M)|v − c1(M)|w
= d(E+v − k1)− d(E
−
v − k2) + d(E
−
w − k2)− d(E
+
w − k1)− 2d
= d(E+v − E
−
v − E
+
w + E
−
w − 2).

Remark 3.7. We can also generalize Lemma 3.6 in the following way: Let
the circle act on a 2n-dimensional compact symplectic manifold (M,ω). Let
v and w be fixed points in the same component Z of MZd , where d is the
largest weight. Assume that the largest weight d is odd. Then
d(E+v − E
−
v − E
+
w + E
−
w ) = c1(M)|v − c1(M)|w − c1(Z)|v + c1(Z)|w.
The proof goes similarly to that of Lemma 3.6.
4. Proof of Theorem 1.1
The proof of Theorem 1.1 is based on induction. The key fact to prove
Theorem 1.1 is that an isotropy submanifold of a symplectic manifold is
itself a smaller symplectic manifold.
To prove the base case, we need several theorems:
Proposition 4.1. [MD] An effective symplectic circle action on a 4-dimensional
compact, connected symplectic manifold is Hamiltonian if and only if the
fixed point set if non-empty.
Let the circle act symplectically on a 4-dimensional compact, connected
symplectic manifold M with isolated fixed points. Assume that the action
is effective. Then we can associate a graph to M in the following way: We
assign a vertex to each fixed point. Label each fixed point by its moment
image. Additionally, given two fixed points p and q, we say that (p, q) is
an edge if there exists k > 1 such that p and q are contained in the same
component of the isotropy submanifold MZk , where k is the largest such.
We label the edge by k.
Theorem 4.2. (Uniqueness Theorem) [K] Let (M,ω,Π) and (M ′, ω′,Π′)
be two compact four dimensional Hamiltonian S1 spaces. Then any iso-
morphism between their corresponding graphs is induced by an equivariant
symplectomorphism.
We now prove the base case.
Proposition 4.3. Let the circle act symplectically on a compact, connected
symplectic manifold M and suppose that there are exactly three fixed points.
If dimM < 8, then M is equivariantly symplectomorphic to CP2.
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Proof. Suppose that dimM < 8. By quotienting out by the subgroup which
acts trivially, we may assume that the action is effective. Since the manifold
M is connected, dimM 6= 0. Hence by Corollary 2.3, dimM = 4. Let p, q,
and r denote the three fixed points and without loss of generality assume
that λp ≤ λq ≤ λr. Then by Lemma 3.4, λp = 0, λq = 2, and λr = 4.
By a standard action on CP2 we mean that for each λ ∈ S1, λ acts on
CP2 by
λ · [z0 : z1 : z2] = [λ
az0 : λ
bz1 : z2]
for some natural numbers a and b. This action has three fixed points [1 : 0 :
0], [0 : 1 : 0], and [0 : 0 : 1]. And the weights at these points are {a, a + b},
{−a, b}, and {−b,−a− b}.
Since dimM = 4, by Proposition 4.1, the action is Hamiltonian. Further-
more, by Lemma 2.4, there exist natural numbers a, b, and c such that the
weights are Σp = {a, c}, Σq = {−a, b}, and Σr = {−b,−c}. By Theorem
2.1,
0 =
∫
M
1 =
1
ac
−
1
ab
+
1
bc
=
b− c+ a
abc
.
Thus c = a+b. It is straightforward to check that the corresponding graph is
isomorphic to a graph corresponding to some standard action on CP2 where
the action is given by λ · [z0 : z1 : z2] = [λ
az0 : λ
bz1 : z2], and hence this in-
duces an equivariant symplectomorphism on manifolds by Theorem 4.2. 
Hence from now on we assume that dimM ≥ 8. Then note that, by
Corollary 2.7, the Chern class map is identically zero.
Lemma 4.4. Fix a natural number n such that n ≥ 4. Assume that Theorem
1.1 holds for all manifolds M such that dimM < 2n. Let the circle act
symplectically on a 2n-dimensional compact, connected symplectic manifold
M and suppose that there are exactly three fixed points. Assume that the
action is effective. Then there exist even natural numbers a and b such that
the weights at the three fixed points in the isotropy submanifold MZ2 are
{a, c}, {−a, b}, and {−b,−c}, where c = a+ b.
Proof. Since the action is effective, the isotropy submanifold Z2 is a smaller
manifold, i.e., for any component Z of MZ2 , we have that dimZ < dimM .
Then by the inductive hypothesis and Theorem 2.6, there are only four
possible cases:
(1) Each fixed point is a component of the isotropy submanifold MZ2 .
(2) The isotropy submanifold MZ2 contains a 2-sphere with two fixed
points. The third fixed point is another component of MZ2 .
(3) The isotropy submanifold MZ2 contains a 4-dimensional component
with the three fixed points.
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(4) The isotropy submanifold MZ2 contains a 6-dimensional component
with two fixed points. The third fixed point is another component
of MZ2 .
Assume that the first case holds. Let p, q, and r be the fixed points. The
first case means that all the weights at p, q, and r are odd. Let A,B, and C
be the products of the weights at p, q, and r, respectively. Then by Theorem
2.1, ∫
M
1 =
∑
F⊂MS
1
∫
F
1
eS1(NF )
=
1∏
ξip
t−n +
1∏
ξiq
t−n +
1∏
ξir
t−n
=
(
1
A
+
1
B
+
1
C
)
t−n = 0.
Hence
1
A
+
1
B
+
1
C
= 0.
Multiplying both sides by ABC yields
BC +AC +AB = 0.
However, since A,B, and C are odd,
BC +AC +AB ≡ 1 mod 2,
which is a contradiction.
Assume that the second case holds. Then the two fixed points in the
2-sphere have one even weight and n−1 odd weights. By Corollary 2.3, n is
even. Then sums of the weights at these points are congruent to 1 mod 2,
which contradicts Corollary 2.7 that the first Chern class map (the sum of
the weights at a fixed point) is zero for all fixed points if dimM ≥ 8 and
there are exactly three fixed points.
Assume that the fourth case holds. Then the two fixed points in the 2-
sphere have three even weights and n − 3 odd weights. By Corollary 2.3,
n is even. Again, the sums of weights at these points are congruent to 1
mod 2, which contradicts that the first Chern class map is zero for all fixed
points by Corollary 2.7.
Hence the third case is the case. Thus as in the proof of Proposition 4.3,
there are even natural numbers a and b such that the fixed points of the
isotropy submanifoldMZ2 have weights {a+b, a}, {−a, b}, and {−b,−a−b}.

Lemma 4.5. Fix a natural number n. Assume that Theorem 1.1 holds for
all manifolds M such that dimM < 2n. Let the circle act symplectically on
a 2n-dimensional compact, connected symplectic manifold M and suppose
that there are exactly three fixed points. Assume that the action is effective.
Given an integer e ∈ Z \ {−1, 0, 1}, exactly one of the following holds:
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(1) Each fixed point is a component of the isotropy submanifold MZe .
(2) The isotropy submanifold MZe contains a 2-sphere with two fixed
points, and the weights in the 2-sphere at these points are {a} and
{−a} for some natural number a that is a multiple of e. The third
fixed point is another component of MZe .
(3) The isotropy submanifold MZe contains a 4-dimensional component
with the three fixed points, and the weights in the isotropy subman-
ifold at these points are {a + b, a}, {−a, b}, and {−b,−a − b} for
some natural numbers a and b that are multiples of e.
(4) The isotropy submanifold MZe contains a 6-dimensional component
with two fixed points, and the weights in the isotropy submanifold at
these points are {a, b,−a− b} and {a + b,−a,−b} for some natural
numbers a and b that are multiples of e. The third fixed point is
another component of MZe .
Proof. Fix an integer e ∈ Z\{−1, 0, 1}. Since the action onM is effective, for
any component Z of the isotropy submanifold MZe , we have that dimZ <
dimM .
By ABBV Localization (Theorem 2.1), if any component of the isotropy
submanifold MZe only contains one fixed point, then the fixed point itself
is the component.
If every fixed point is itself a component of the isotropy submanifoldMZe ,
this is the first case of the Lemma.
Suppose instead that there exists a component Z of the isotropy subman-
ifold MZe that contains exactly two fixed points. Then by Theorem 2.6,
either
(a) The component is 2-sphere and the weights in the isotropy submanifold
MZe at these points are {a} and {−a} for some natural number a that
is a multiple of e. By the previous argument, the third fixed point is
another component of MZe . This is the second case of the Lemma.
(b) The component is 6-dimensional and the weights in the isotropy sub-
manifold MZe at these points are {a, b,−a − b} and {a + b,−a,−b}
for some natural numbers a and b that are multiples of e. The third
fixed point is another component of MZe . This is the fourth case of the
Lemma.
Finally, suppose that a component of the isotropy submanifold MZe con-
tains the three fixed points. Then by the inductive hypothesis, the com-
ponent is 4-dimensional and the weights in the isotropy submanifold are
{a+ b, a}, {−a, b}, and {−b,−a− b} for some natural numbers a and b that
are multiples of e. This is the third case of the Lemma. 
As particular cases of Lemma 4.5, we need the following Lemma.
Lemma 4.6. Fix a natural number n. Assume that Theorem 1.1 holds for
all manifolds M such that dimM < 2n. Let the circle act symplectically on
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a 2n-dimensional compact, connected symplectic manifold M and suppose
that there are exactly three fixed points. Assume that the action is effective.
Fix an integer e ∈ Z \ {−1, 0, 1}.
(1) Suppose that there exist distinct fixed points α and β such that Nα(e) >
0 and Nβ(−e) > 0 such that |e| >
d
2 where d is the largest weight.
Then Nα(e) = 1, Nβ(−e) = 1, Σα ≡ Σβ mod e, and no additional
multiples of e appear as weights.
(2) If there exist two distinct fixed points α and β such that Nα(e) > 0
and Nβ(e) > 0, then after possibly switching α and β,
{2e, e} ⊂ Σα, {−e, e} ⊂ Σβ, and {−2e,−e} ⊂ Σγ
where γ is the remaining fixed point. Moreover, no additional mul-
tiples of e appear as weights.
(3) If there exists a fixed point α such that Nα(e) > 1, {−2e, e, e} ⊂ Σα
and {2e,−e,−e} ⊂ Σβ for some fixed point β 6= α. Moreover, no
additional multiples of e appear as weights.
(4) Suppose that there exists a fixed point β such that Nβ(e) > 0 and
Nβ(−e) > 0. Then
{2e, e} ⊂ Σα, {−e, e} ⊂ Σβ, and {−2e,−e} ⊂ Σγ
where α and γ are the remaining two fixed points. Moreover, no
additional multiples of e appear as weights.
Proof. Fix an integer e ∈ Z\{−1, 0, 1} and consider the isotropy submanifold
MZe .
(1) By looking at the weights in the isotropy submanifold MZe , the
second, the third, and the fourth cases are possible. In the third
case or the fourth case, a ≥ |e| and b ≥ |e| hence a + b ≥ 2|e| > d,
which is a contradiction. Hence this must be the second case of
Lemma 4.5 with a = |e|. Moreover, α and β lie in the same 2-sphere
of MZe . Hence by Lemma 2.5, Σα ≡ Σβ mod e.
(2) By looking at the weights in the isotropy submanifold MZe , this
must be the third case of Lemma 4.5 with a = b = |e|.
(3) By looking at the weights in the isotropy submanifold MZe , this
must be the fourth case of Lemma 4.5 with a = b = |e|.
(4) By looking at the weights in the isotropy submanifold MZe , this
must be the third case of Lemma 4.5 with a = b = |e|.

5. The largest weight odd case
Let the circle act symplectically on a compact, connected symplectic man-
ifold M with exactly three fixed points. In this section, we show that if
dimM ≥ 8, the largest weight cannot be odd.
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Proposition 5.1. Fix a natural number n such that n ≥ 4. Assume that
Theorem 1.1 holds for all manifolds M such that dimM < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. Assume
that the action is effective. Then the largest weight is even.
Proof. Assume on the contrary that the largest weight is odd. Then this
is an immediate consequence of Lemma 5.2, Lemma 5.6, and Lemma 5.7
below. 
Lemma 5.2. Fix a natural number n such that n ≥ 4. Assume that Theorem
1.1 holds for all manifolds M such that dimM < 2n. Let the circle act
symplectically on a 2n-dimensional compact, connected symplectic manifold
M and suppose that there are exactly three fixed points p, q, and r, with
λp ≤ λq ≤ λr. Assume that the action is effective and the largest weight d
is odd. Then after possibly reversing the circle action we may assume that
−d ∈ Σp and d ∈ Σq, and there exist even natural numbers a and b such
that either
(1) {a, c} ⊂ Σp, {−a, b} ⊂ Σq, and {−b,−c} ⊂ Σr; or
(2) {−a, b} ⊂ Σp, {−b,−c} ⊂ Σq, and {a, c} ⊂ Σr,
where c = a+ b. Moreover, these are the only even weights.
Proof. By Lemma 3.2, Np(d) +Nq(d) +Nr(d) = 1 and Np(−d) +Nq(−d) +
Nr(−d) = 1. By Lemma 3.3, λp = n− 2, λq = n, and λr = n+2. Moreover,
after possibly reversing the circle action, we may assume that −d ∈ Σp and
d ∈ Σq.
By Lemma 4.4, there exist even natural numbers a and b such that
the weights at the three fixed points in the isotropy submanifold MZ2 are
{a, c}, {−a, b}, and {−b,−c}, where c = a+ b. In the Lemma, the order is
not specified. We have six possible cases. Other four cases are:
a. {a, c} ⊂ Σp, {−b,−c} ⊂ Σq, and {−a, b} ⊂ Σr.
b. {−a, b} ⊂ Σp, {a, c} ⊂ Σq, and {−b,−c} ⊂ Σr.
c. {−b,−c} ⊂ Σp, {−a, b} ⊂ Σq, and {a, c} ⊂ Σr.
d. {−b,−c} ⊂ Σp, {a, c} ⊂ Σq, and {−a, b} ⊂ Σr.
The fixed points p and q satisfy the conditions in Lemma 3.6. Therefore,
E+v − E
−
v − E
+
w + E
−
w = 2 and the other cases are ruled out. 
Lemma 5.3. Under the assumption of Lemma 5.2, a 6= b.
Proof. Assume on the contrary that a = b. Since −d ∈ Σp and d ∈ Σq where
d is the largest weight, by Lemma 4.6 part 1 for d, Σp ≡ Σq mod d. As a
result, we can find a bijection between the weights at p and the weights at
q that takes each weight α at p to a weight β at q such that α ≡ β mod d.
Moreover, since a = b, we can take this bijection to take a at p to b at q in
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the first case, and we can take this bijection to take −a at p to −b at q in
the second case.
Assume that the first case in Lemma 5.2 holds, i.e., {a, c} ⊂ Σp, {−a, b} ⊂
Σq, and {−b,−c} ⊂ Σr. Moreover, these are the only even weights. First,
−d at p has to go to d at q since all the other weights are non-zero and have
absolute values less than d. Next, c at p must go to c− d at q and −a at q
must go to d− a at p. If l is any remaining positive odd weight at p, then it
has to go to l at q since the largest weight d is odd. Similarly, any negative
odd weight −k at p must go to −k at q.
By Corollary 2.3, 12 dimM is even. Since λp =
1
2 dimM − 2 and λq =
1
2 dimM by Lemma 3.3, this implies that the weights at p and q are
Σp = {−d, a, c, d − a} ∪ {xi}
t
i=1 ∪ {−yi}
t
i=1
Σq = {d, b, c − d,−a} ∪ {xi}
t
i=1 ∪ {−yi}
t
i=1
for some odd natural numbers xi’s and yi’s where dimM = 8+4t, for some
t ≥ 0.
Suppose that xi > 1 for some i. Then by Lemma 4.6 part 2, {2xi, xi} ⊂
Σp, {−xi, xi} ⊂ Σq, and {−2xi,−xi} ⊂ Σr, or {−xi, xi} ⊂ Σp, {2xi, xi} ⊂
Σq, and {−2xi,−xi} ⊂ Σr. Moreover, no more multiples of xi should sppear
as weights. This implies that −xi 6= −yj for all j. Since −yj’s are the only
negative odd weights at p, this implies that the second case is impossible.
Assume that the first case holds. Then we must have c = 2xi. Also, since
{−xi, xi} ⊂ Σq but −xi 6= −yj for all j, −xi = c − d. However, this means
that 2xi − d = c− d = −xi hence d = 3xi, which is a contradiction since no
more multiples of xi should appear.
Hence xi = 1 for all i. Similarly, one can show that yi = 1 for all i. Then
c1(M)|p = −d+ a+ c+ d− a = c > 0, which is a contradiction by Corollary
2.7 that the first Chern class map is identically zero.
Similarly, we get a contradiction of the second case of Lemma 5.2 with
a = b by a slight variation of this argument. 
Lemma 5.4. Assume that the first case in Lemma 5.2 holds. Then the
weights are
Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
Σq = {d, a − d, c− d,−a, b, 1} ∪ {−1, 1}
t
i=1
Σr = {−b,−c, · · · }
where the largest weight d is odd, a, b, and c are even natural numbers such
that c = a+ b, and dimM = 12 + 4t for some t ≥ 0. Moreover, a 6= b and
the remaining weights at r are odd.
Proof. Assume that the first case in Lemma 5.2 holds, i.e., there exist even
natural numbers a, b, and c such that {a, c} ⊂ Σp, {−a, b} ⊂ Σq, and
{−b,−c} ⊂ Σr where c = a+ b. Moreover, these are the only even weights.
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Since −d ∈ Σp and d ∈ Σq where d is the largest weight, by Lemma 4.6
part 1 for d, Σp ≡ Σq mod d. First −d at p has to go to d at q since all the
other weights are non-zero and have absolute values less than d. Second, by
Lemma 5.3, a 6= b. Hence a at p must go to a− d at q and b at q must go to
b− d at p. Next, c at p must go to c− d at q and −a at q must go to d− a
at p. If l is any remaining positive odd weight at p, then it has to go to l at
q since the largest weight d is odd. Similarly, any remaining negative odd
weight −k at p must go to −k at q.
By Corollary 2.3, 12 dimM is even. Since λp =
1
2 dimM − 2 and λq =
1
2 dimM by Lemma 3.3, this implies that the weights at p and q are
Σp = {−d, a, c, d − a, b− d} ∪ {xi}
t+1
i=1 ∪ {−yi}
t
i=1
Σq = {d, a− d, c− d,−a, b} ∪ {xi}
t+1
i=1 ∪ {−yi}
t
i=1
for some odd natural numbers xi’s and yi’s where dimM = 12+4t, for some
t ≥ 0. We also have
Σr = {−b,−c, · · · }.
We show that xi = yi = 1 for all i.
(1) xi = 1 for all i.
Suppose not. Without loss of generality, assume that x1 > 1.
Then by Lemma 4.6 part 2 for x1, {2x1, x1} ⊂ Σp, {−x1, x1} ⊂ Σq,
and {−2xi,−xi} ⊂ Σr, or {−x1, x1} ⊂ Σp, {2x1, x1} ⊂ Σq, and
{−2xi,−xi} ⊂ Σr. Moreover, no more multiples of x1 should sppear
as weights. This implies that −x1 6= −yj for all j. If the first case
holds, we must have that c = 2x1. Also, there must be a weight at
q that is equal to −x1. If −x1 = a − d, {2x1, x1, x1} = {c,−a +
d, x1} ⊂ Σp, which is not possible by Lemma 4.6. If −x1 = c − d,
−x1 = c− d = 2x1 − d implies that d = 3x1, which contradicts that
no more multiples of x1 should appear as weights. If the second case
holds, we must have that b = 2x1. Also, there must be a weight at
p that is equal to −x1. Since −x1 6= −d, −x1 = b − d. However,
−x1 = b− d = 2x1 − d implies that d = 3x1, which contradicts that
no more multiples of x1 should appear as weights.
(2) yi = 1 for all i.
Suppose not. Without loss of generality, assume that y1 > 1.
Then by Lemma 4.6 part 2 for y1, we must have that {2y1, y1} ⊂ Σr,
which is a contradiction since r has no positive even weight.

Lemma 5.5. Assume that the second case in Lemma 5.2 holds. Then the
weights are
Σp = {−d,−a, b, d − b, d− c, 1} ∪ {−1, 1}
t
i=1
Σq = {d,−b,−c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
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Σr = {a, c, · · · },
where the largest weight d is odd, a, b, and c are even natural numbers such
that c = a+ b, and dimM = 12 + 4t for some t ≥ 0. Moreover, a 6= b and
the remaining weights at r are odd.
Proof. Assume that the second case in Lemma 5.2 holds, i.e., there exist
even natural numbers a, b, and c such that {−a, b} ⊂ Σp, {−b,−c} ⊂ Σq,
and {a, c} ⊂ Σr where c = a+ b. Moreover, these are the only even weights.
Since −d ∈ Σp and d ∈ Σq where d is the largest weight, by Lemma 4.6
part 1 for d, Σp ≡ Σq mod d. First −d at p has to go to d at q since all the
other weights are non-zero and have absolute values less than d. Second, by
Lemma 5.3, a 6= b. Hence −a at p must go to d− a at q and −b at q must
go to d − b at p. Next, c at p must go to c − d at q and −a at q must go
to d− a at p. If l is any remaining positive odd weight at p, then it has to
go to l at q since the largest weight d is odd. Similarly, any negative odd
weight −k at p must go to −k at q.
By Corollary 2.3, 12 dimM is even. Since λp =
1
2 dimM − 2 and λq =
1
2 dimM by Lemma 3.3, this implies that the weights at p and q are
Σp = {−d,−a, b, d − b, d− c} ∪ {xi}
t+1
i=1 ∪ {−yi}
t
i=1
Σq = {d,−b,−c, d − a, b− d} ∪ {xi}
t+1
i=1 ∪ {−yi}
t
i=1
for some odd natural numbers xi’s and yi’s where dimM = 12+4t, for some
t ≥ 0. We also have
Σr = {a, c, · · · }.
We show that xi = yi = 1 for all i.
(1) xi = 1 for all i.
Suppose not. Without loss of generality, assume that x1 > 1.
Then by Lemma 4.6 part 2 for x1, we must have that {−2x1,−x1} ⊂
Σr, which is a contradiction since r has no negative even weight.
(2) yi = 1, for all i.
Suppose not. Without loss of generality, assume that y1 > 1.
Then by Lemma 4.6 part 2 for y1, {−2y1,−y1} ⊂ Σp, {−y1, y1} ⊂
Σq, and {2y1, y1} ⊂ Σr, or {−y1, y1} ⊂ Σp, {−2y1,−y1} ⊂ Σq, and
{2y1, y1} ⊂ Σr. Moreover, no more multiples of y1 should appear as
weights.
If the first case holds, we must have that a = 2y1. Also, there must
be a weight at q that is equal to y1. Thus, we have that d− a = y1.
However, this implies that d − a = d − 2y1 = y1 hence d = 3y1,
which is a contradiction since no more multiples of y1 should appear
as weights.
Suppose that the second case holds. Then we must have that
c = 2y1. Also, there must be a weight at p that is equal to y1. Hence
y1 = d − b. Then {−2y1,−y1,−y1} = {−c, b − d,−y2} ⊂ Σq, which
is a contradiction.
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
Lemma 5.6. The first case in Lemma 5.2 is not possible.
Proof. By Lemma 5.4, the weights are
Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
Σq = {d, a − d, c− d,−a, b, 1} ∪ {−1, 1}
t
i=1
Σr = {−b,−c, · · · },
where the largest weight d is odd, a, b, and c are even natural numbers such
that c = a + b, and dimM = 12 + 4t for some t ≥ 0. Moreover, a 6= b and
the remaining weights at r are odd.
We consider Lemma 2.4 for each integer. Lemma 2.4 holds for d, a, b,
and c. Since d > c > b, b− d < −1. Since a 6= b, by Lemma 2.4 for b− d, it
is straightforward to show that d− b ∈ Σr.
First, suppose that c− d 6= −1. Then Np(1) = Np(−1) + 1 and Nq(1) =
Nq(−1) + 1. Hence by Lemma 2.4 for 1, Nr(1) + 2 = Nr(−1). Considering
Lemma 2.4 for each integer, one can show that the weights are
Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
Σq = {d, a − d, c− d,−a, b, 1} ∪ {−1, 1}
t
i=1
Σr = {−b,−c, d − b,−1, d− c,−1} ∪ {−ei, ei}
t
i=1
for some odd natural numbers ei’s. We show that ei = 1 for all i.
Suppose that e1 > 1. Then by Lemma 4.6 part 4, either {−2e1,−e1} ⊂
Σp, {2e1, e1} ⊂ Σq, and {−e1, e1} ⊂ Σr, or {2e1, e1} ⊂ Σp, {−2e1,−e1} ⊂
Σq, and {−e1, e1} ⊂ Σr. However, since p has no negative even weight,
the first case is impossible. If the second case holds, we must have that
−a = −2e1. Moreover, we must have that a − d = −e1 or c − d = −e1. If
a− d = −e1, 2e1 − d = a− d = −e1 hence 3e1 = d, which is a contradiction
since no additional multiples of e1 should appear. Next, if c − d = −e1,
{d− c,−e1, e1} = {−e1,−e1, e1} ⊂ Σr, which is also a contradiction. Hence
ei = 1, for all i. Then the weights are
Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
Σq = {d,−a, b, a − d,−1, 1} ∪ {−1, 1}
t
Σr = {−b,−c, d − b,−1, 1,−1} ∪ {−1, 1}
t.
Second, suppose that c−d = −1. Then Np(1) = Np(−1)+1 and Nq(1) =
Nq(−1). Hence by Lemma 2.4 for 1, Nr(1) + 1 = Nr(−1). Considering
Lemma 2.4 for each integer, one can show that the weights are
Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
Σq = {d, a − d,−1,−a, b, 1} ∪ {−1, 1}
t
i=1
Σr = {−b,−c, d− b,−1} ∪ {−ei, ei}
t+1
i=1
for some odd natural numbers ei’s. As above, ei = 1 for all i.
Hence in either case the weights are
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Σp = {−d, a, c, d − a, b− d, 1} ∪ {−1, 1}
t
Σq = {d,−a, b, a − d, c− d, 1} ∪ {−1, 1}
t
Σr = {−b,−c, d− b,−1, d − c,−1} ∪ {−1, 1}
t.
Moreover, since c1(M)|p = 0 by Corollary 2.7, we have that −d+a+ c+d−
a+ b− d+ 1 = 0. Therefore, d = c + b+ 1. Let A = cn(M)|p =
∏
ξjp, B =
cn(M)|q =
∏
ξjq , and C = cn(M)|r =
∏
ξjr . Then
(−1)t+1(B + C) = dab(d − a)(d − c)− bc(d − b)(d− c)
= b(d− c){da(d − a)− c(d− b)}
= b(d− c){(c + b+ 1)a(c+ b+ 1− a)− c(c+ b+ 1− b)}
= b(d− c){(c + b+ 1)a(2b + 1)− c(c+ 1)}
= b(d− c){(a+ 2b+ 1)a(2b + 1)− (a+ b)(a+ b+ 1)}
= b(d− c){(a2 + 2ab+ a)(2b+ 1)− (a2 + 2ab+ b2 + a+ b)}
= b(d− c){2a2b+ 4ab2 + 2ab+ a2 + 2ab+ a− (a2 + 2ab+ b2 + a+ b)}
= b(d−c){(2a2b−a2)+(4ab2−b2)+(2ab−2ab)+(a2−a)+(2ab−b)+a} > 0.
Hence (−1)t+1B > −(−1)t+1C > 0, i.e., (−1)t+1
(
1
B
+
1
C
)
< 0. We also
have that (−1)t+1
1
A
< 0. Then, by Theorem 2.1,
0 = (−1)t+1
∫
M
1 = (−1)t+1
(
1
A
+
1
B
+
1
C
)
< 0,
which is a contradiction. 
Lemma 5.7. The second case in Lemma 5.2 is not possible.
Proof. By Lemma 5.5, the weights in this case are
Σp = {−d,−a, b, d − b, d− c, 1} ∪ {−1, 1}
t
i=1
Σq = {d,−b,−c, d − a, b− d, 1} ∪ {−1, 1}
t
i=1
Σr = {a, c, · · · },
where the largest weight d is odd, a, b, and c are even natural numbers such
that c = a+ b, and dimM = 12 + 4t for some t ≥ 0.
Let A = cn(M)|p =
∏
ξjp, B = cn(M)|q =
∏
ξjq , and C = cn(M)|r =
∏
ξjr .
Then
(−1)t+1(B +A) = dbc(d − a)(d− b)− dab(d − b)(d − c)
= db(d− b){c(d − a)− a(d− c)} > 0,
since c > a and d− a > d− c. Hence it follows that (−1)t+1
(
1
A
+
1
B
)
< 0.
Since λr =
1
2 dimM+2, we also have that (−1)
t+1 1
C
< 0. Then, by Theorem
2.1,
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0 = (−1)t+1
∫
M
1 = (−1)t+1
(
1
A
+
1
B
+
1
C
)
< 0,
which is a contradiction. 
6. Preliminaries for the largest weight even case part 1
Let the circle act symplectically on a compact, connected symplectic man-
ifold M with exactly three fixed points. Also assume that dimM ≥ 8 and
the largest weight is even. The main idea to prove Theorem 1.1 is to rule out
manfiolds such that dimM ≥ 8. In this section, we investigate properties
that the manifold M should satisfy, if it exists.
Proposition 6.1. Fix a natural number n such that n ≥ 4. Assume that
Theorem 1.1 holds for all manifolds M such that dimM < 2n. Let the
circle act symplectically on a 2n-dimensional compact, connected symplectic
manifold M and suppose that there are exactly three fixed points. Assume
that the action is effective. Then the largest weight is odd.
Proof. Assume on the contrary that the largest weight is even. Then this is
an immediate consequence of Lemma 6.2, Lemma 7.1, Lemma 8.1, Lemma
8.2, Lemma 8.3, Lemma 8.4, Lemma 8.5, Lemma 8.6, Lemma 8.7, Lemma
8.8, Lemma 8.9, Lemma 8.10, and Lemma 8.11 below. 
Lemma 6.2. Fix a natural number n such that n ≥ 4. Assume that Theorem
1.1 holds for all manifolds M such that dimM < 2n. Let the circle act
symplectically on a 2n-dimensional compact, connected symplectic manifold
M and suppose that there are exactly three fixed points p, q, and r, with
λp ≤ λq ≤ λr. Assume that the action is effective and the largest weight c
is even. Then after possibly reversing the circle action we may assume that
the weights are
Σp = {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s
i=1
Σq = {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s
i=1
Σr = {−a, b, · · · }
for some s ≥ 0 and t ≥ 0 such that dimM = 2n = 12+4t+4s, where a and
b are even natural numbers such that c = a + b, and xi’s and yi’s are odd
natural numbers for all i. Moreover, the remaining weights at r are odd.
Proof. Let c be the largest weight. By Lemma 3.2, Np(c)+Nq(c)+Nr(c) = 1
and Np(−c) + Nq(−c) + Nr(−c) = 1. By Lemma 3.3, λp = n − 2, λq = n,
and λr = n+2. Moreover, after possibly reversing the circle action, we may
assume that −c ∈ Σp and c ∈ Σq.
By Lemma 4.4, there exist even natural numbers a and b such that
the weights at the three fixed points in the isotropy submanifold MZ2 are
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{a, d}, {−a, b}, and {−b,−d}, where d = a + b. In Lemma 4.4, the or-
der is not specified. However, since we can assume without loss of gen-
erality that −c ∈ Σp and c ∈ Σq, we can assume that d = c, hence
{−c,−b} ⊂ Σp, {c, a} ⊂ Σq, and {−a, b} ⊂ Σr. Moreover, these are the
only even weights.
Next, by Lemma 4.6 part 1 for c, Σp ≡ Σq mod c. As a result, we can
find a bijection between weights at p and weights at q that takes each weight
α at p to a weight β at q such that α ≡ β mod c.
First, −c at p has to go to c at q since all the other weights are non-zero
and have absolute values less than c. Second, −b at p must go to a at q.
Next, if l is any positive odd weight at p, then it either goes to l or l−c at q.
Suppose that there are t0 positive odd weights at p that go to negative odd
weights at q. Then since λp = n− 2 and there is no positive even weight at
p, there are n2 +1− t0 positive odd weights p that go to positive odd weights
at q. Similarly, if −k is any negative odd weight at p, either it has to go to
−k or c−k at q. Suppose that there are t1 negative odd weights at p that go
to positive odd weights at q. On the other hand, since λq = n and q has two
positive even weights, the number of positive odd weights at q that go to
positive odd weights at p is equal to n2 −2− t1. Hence
n
2 +1− t0 =
n
2 −2− t1,
i.e., t0 = t1 + 3. Let t = t1 and s =
n
2 − t− 3. By Corollary 2.3,
1
2 dimM is
even. This implies that the weights are
Σp = {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {ei}
s+1
i=1 ∪ {−fi}
s
i=1
Σq = {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {ei}
s+1
i=1 ∪ {−fi}
s
i=1
Σr = {−a, b, · · · }
for some odd natural numbers xi’s, yi’s, ei’s, and fi’s, where dimM = 2n =
12 + 4t+ 4s, for some t ≥ 0 and s ≥ 0.
Next, we show that ei = fi = 1 for all i.
(1) ei = 1 for all i.
Assume on the contrary that ei > 1 for some i. Denote e = ei.
Then by Lemma 4.6 part 3 for e, either {2e, e} ⊂ Σp, {−e, e} ⊂
Σq, and {−2e,−e} ⊂ Σr, or {−e, e} ⊂ Σp, {2e, e} ⊂ Σq, and
{−2e,−e} ⊂ Σr. Moreover, no additional multiples of e should
appear as weights. Since {−2e,−e} ⊂ Σr in either case, the only
possibility is that a = 2e. Therefore, the latter is the case. Thus,
we have that {−e, e} ⊂ Σp. Therefore, −e = −yi for some i or
−e = −fi for some i. Since no additional multiples of e should ap-
pear as weights at q, −fi 6= −e for all i. Hence, −yi = −e for some
i. Without loss of generality, let y1 = e. Moreover, since no addi-
tional multiples of e should appear as weights, b 6= 2e. In particular,
a = 2e 6= b. Since 2e = a < a+ b = c, e < c2 . Thus c− e >
c
2 .
Next, we show that e− c ∈ Σr. We have that c− e = c− y1 ∈ Σq.
By Lemma 2.4 for c− e, either e− c ∈ Σp, e− c ∈ Σq, or e− c ∈ Σr.
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(a) e− c /∈ Σp.
Suppose that e − c ∈ Σp. Since e − c is odd, either e− c = −yi
for some i or e− c = −fi for some i.
First, assume that e − c = −yi for some i. If e − c = −y1, this
implies that e − c = −e hence c = 2e, which is a contradiction.
Hence if e−c = −yi for some i, i 6= 1. Without loss of generality,
let e−c = −y2. Then we have that {−y1,−y2} = {e−c, e−c} ⊂
Σp. Then by Lemma 4.6 part 3 for e− c, 2(c− e) ∈ Σp, which is
a contradiction since 2(c− e) > c.
Second, assume that e− c = −fi for some i. Then we have that
e − c = −fi ∈ Σp and e − c = −fi ∈ Σq. Then by Lemma 4.6
part 2 for c − e, 2(c − e) ∈ Σr, which is a contradiction since
2(c− e) > c. Hence e− c 6= Σp.
(b) e− c /∈ Σq.
Suppose that e − c ∈ Σq. Then we have that {c − e, e − c} =
{c− y1, e− c} ⊂ Σq. Hence by Lemma 4.6 part 4 for c− e, either
2(c − e) ∈ Σp or 2(c − e) ∈ Σr. However, 2(c − e) > c, which is
a contradiction.
Therefore e − c ∈ Σr. Then by Lemma 4.6 part 1 for c − e,
Σq ≡ Σr mod c − e. Consider {c, e} ⊂ Σq. We have that c /∈ Σr
and e /∈ Σr. Also, e − (c − e) = 2e − c = a − a − b = −b, but
−b /∈ Σr since −b is a negative even integer and −a is the only
negative even weight in Σr, but a 6= b. Since |e + k(c − e)| > c for
k < −2 or k > 1, Σq ≡ Σr mod c − e and {c, e} ⊂ Σq imply that
Nr(e− 2(c− e)) = Nr(3e− 2c) = 2. Then by Lemma 4.6 part 3 for
3e− 2c, 2(2c− 3e) ∈ Σr, which is a contradiction since 2(2c− 3e) =
4c−6e = c+3c−6e = c+3a+3b−6e = c+6e+3b−6e = c+3b > c,
where c is the largest weight. Therefore, ei = 1 for all i.
(2) fi = 1 for all i.
Assume on the contrary that fi > 1 for some i. Denote f = fi.
Then by Lemma 4.6 part 3 for f , either {−2f,−f} ⊂ Σp, {−f, f} ⊂
Σq, and {2f, f} ⊂ Σr, or {−f, f} ⊂ Σp, {−2f,−f} ⊂ Σq, and
{2f, f} ⊂ Σr. Moreover, no additional multiples of f should appear
as weights. Since {2f, f} ⊂ Σr in either case, the only possibility is
that b = 2f . Therefore, the former is the case. Thus, we have that
{−f, f} ⊂ Σq. Therefore, f = c − yi for some i. Without loss of
generality, let c − y1 = f . Moreover, since no additional multiples
of f should appear as weights, a 6= 2f . In particular, b = 2f 6= a.
Since 2f = b < a+ b = c, f < c2 . Thus c− f >
c
2 .
Next, we show that c− f ∈ Σr. We have that f − c = −y1 ∈ Σp.
By Lemma 2.4 for c− f , either c− f ∈ Σp, c− f ∈ Σq, or c− f ∈ Σr.
(a) c− f /∈ Σp.
Suppose that c − f ∈ Σp. Then we have that {c − f, f − c} =
{c − f,−y1} ⊂ Σp. Then by Lemma 2.4 part 4 for c− f , either
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2(c − f) ∈ Σq or 2(c − f) ∈ Σr, which is a contradiction since
2(c− f) > c.
(b) c− f /∈ Σq.
Suppose that c − f ∈ Σq. Then c − f = c − yi for some i. If
c− f = c− y1, then c− f = c− y1 = f hence c = 2f < c, which
is a contradiction. Next, suppose that c − f = c − yi for some
i 6= 1. Then we have that {f − c, f − c} = {−y1,−yi} ⊂ Σp.
Hence, by Lemma 4.6 part 3 for f − c, 2(c− f) ∈ Σp, which is a
contradiction since 2(c− f) > c.
Therefore c − f ∈ Σr. We also have that f − c = −y1 ∈ Σp.
Then by Lemma 4.6 part 1 for c− f , Σp ≡ Σr mod c− f . Consider
{−c,−f} ⊂ Σp. We have that −c /∈ Σr and −f /∈ Σr. Also, −f +
(c − f) = c − 2f = a + b − 2f = a + 2f − 2f = a, but a /∈ Σr
since a is a positive even integer and b is the only positive even
weight in Σr, but a 6= b. Since | − f + k(c − f)| > c for k < −1
or k > 2, Σp ≡ Σr mod c − f and {−c,−f} ⊂ Σp imply that
Nr(−f + 2(c − f)) = Nr(2c − 3f) = 2. Then by Lemma 4.6 part
3 for 2c − 3f , −2(2c − 3f) ∈ Σr, which is a contradiction since
−2(2c − 3f) = −4c + 6f = −c − 3c + 6f = −c − 3a − 3b + 6f =
−c− 3a− 6f +6f = −c− 3a < −c, where −c is the smallest weight.
Therefore, fi = 1 for all i.

Lemma 6.3. In Lemma 6.2, xi 6= c− yj, for all i and j.
Proof. Suppose not. Without loss of generality, assume that x1 = c − y1.
Then either x1 >
c
2 , x1 − c < −
c
2 , or x1 = y1 =
c
2 . If x1 >
c
2 , x1 ∈ Σp
and x1 = c − y1 ∈ Σq. Hence by Lemma 4.6 part 2 for x1, −2x1 ∈ Σr,
which is a contradiction since −2x1 < −c where −c is the smallest weight.
Next, assume that x1 − c < −
c
2 . Then x1 − c = −y1 ∈ Σp and x1 − c ∈ Σq.
Again by Lemma 4.6 part 2 for x1 − c, 2(c − x1) ∈ Σr, which is a contra-
diction since 2(c − x1) > c where c is the largest weight. If x1 = y1 =
c
2 ,
{−2x1, x1,−x1} = {−c, x1,−y1} ⊂ Σp, which is a contradiction by Lemma
4.6 part 4 for x1. 
Lemma 6.4. In Lemma 6.2, if xi = c − xj for i 6= j, then 2xi = 2xj = c.
Also, if xi = c−xi for some i, then 2xi = 2xj = c for some j 6= i. Moreover,
there could be at most one such pair (xi, xj) for i 6= j such that xi = c− xj .
Proof. First, suppose that xi = c − xi for some i. Then c = 2x1. Thus, we
have that {−2xi, xi} = {−c, xi} ⊂ Σp and {2xi,−xi} = {c, xi − c} ⊂ Σq.
By looking at the isotropy submanifold MZxi , this must be the fourth case
of Lemma 4.5. Hence, {−2xi, xi, xi} ⊂ Σp and {2xi,−xi,−xi} ⊂ Σq. This
implies that xi = xj for some j 6= i.
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Next, suppose that xi = c− xj and xi 6= xj for some i 6= j. Without loss
of generality, let x1 = c−x2 and x1 6= x2. We can also assume that x1 > x2.
Then x1 >
c
2 > x2. Since x1 ∈ Σp and −x1 = x2 − c ∈ Σq, by Lemma 4.6
part 1 for x1, Σp ≡ Σq mod x1.
First, we can choose a bijection between Σp and Σq so that
Σp ⊃ {1} ∪ {−1, 1}
s ≡ {1} ∪ {−1, 1}s ⊂ Σq mod x1.
Also, since x1 + x2 = c, we can also choose so that
Σp ⊃ {−c, x1, x2} = {−x1 − x2, x1, x2}
≡ {−x2,−x1, x1 + x2} = {x1 − c, x2 − c, c} ⊂ Σq mod x1.
We separate into two cases:
(1) t = 0.
In this case, we are left with
Σp ⊃ {−b, x3} ≡ {a, x3 − c = x3 − x1 − x2} ⊂ Σq mod x1.
If x3 ≡ x3 − x1 − x2 mod x1, we have that x1|x2, which is a
contradiction since x1 > x2. Hence x3 ≡ a mod x1. By Corollary
2.7, c1(M)|p = −c − b + x1 + x2 + x3 + 1 = −b + x3 + 1 = 0,
hence x3 + 1 = b. Then, since a = c − b = x1 + x2 − x3 − 1, we
have that x3 ≡ x1 + x2 − x3 − 1 = a mod x1, hence 2x3 + 1 ≡ x2
mod x1. Since 2x3 + 1, x2, and x1 are odd, and 2x1 > c where c
is the largest weight, this implies that 2x3 + 1 = x2. Then we have
that a > x1 >
c
2 > x2 > b > x3. Therefore,
−(−1)s(B +A)
x1x2(x1 + x2)
= a(x1 + x2 − x3)− bx3 > 0,
hence (−1)s+1B > (−1)sA. Also, since λr =
1
2 dimM +2 by Lemma
3.3, (−1)sC > 0. Then, by Theorem 2.1,
0 =
∫
M
1 = (−1)s
(
1
A
+
1
B
+
1
C
)
> 0,
which is a contradiction.
(2) t > 0.
In this case, we are left with
{−b}∪{xi}
t+3
i=3 ∪{−yi}
t
i=1 ≡ {a}∪{xi− c}
t+3
i=3 ∪{c− yi}
t
i=1 mod x1.
Without loss of generality, let x3 ≤ x4 ≤ · · · ≤ xt+3 and −y1 ≤
−y2 ≤ · · · ≤ −yt. Hence,
{−b,−y1 ≤ · · · ≤ −yt < 0 < x3 ≤ · · · ≤ xt+3}
≡ {x3 − c ≤ · · · ≤ xt+3 − c < 0 < c− y1 ≤ · · · ≤ c− yt, a} mod x1
Recall that x1 is odd and 2x1 > c where c is the largest weight.
Consider x3 ∈ Σp. If x3 ≡ c − yi mod x1 for some i, then x3 =
c−yi, which contradicts Lemma 6.3. If x3 ≡ xi−c mod x1 for some
i 6= 1 and 2, we have that x3− 2x1 = xi− c, which is a contradiction
since x3 − 2x1 < xi − c for i 6= 1 and 2. Hence, x3 ≡ a mod x1.
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Then we can also choose so that −b = a− c ≡ x3− c mod x1. Then
we are left with
{−y1 ≤ · · · ≤ −yt < 0 < x4 ≤ · · · ≤ xt+3}
≡ {x4 − c ≤ · · · ≤ xt+3 − c < 0 < c− y1 ≤ · · · ≤ c− yt} mod x1
Next, consider −yt ∈ Σp. If −yt ≡ xi−c mod x1 for some i 6= 1, 2,
and 3, then −yt = xi − c, which is a contradiction by Lemma 6.3.
If −yt ≡ c− yi mod x1 for some i, then 2x1 − yt = c− yi, which is
a contradiction since 2x1 − yt > c − yi for all i. Then −yt ∈ Σr is
congruent to no element in Σq modulo x1, which is a contradiction.
Finally, without loss of generality, assume that x1 = c−x2 and x3 = c−xi
for some i. Then 2x1 = 2x2 = c and 2x3 = 2xi = c for some i. Then we
have {−2x1, x1, x1, x1} = {−c, x1, x2, x3} ⊂ Σp, which is a contradiction by
Lemma 4.6 part 3 for x1. 
Lemma 6.5. In Lemma 6.2, yi 6= c− yj, if i 6= j.
Proof. Suppose not. First, assume that yi = c − yj and yi = yj for some
i 6= j , i.e., 2yi = 2yj = c. Then {−2yi,−yi,−yi} = {−c,−yi,−yj} ⊂ Σp,
which contradicts Lemma 4.6 part 3 for yi.
Second, assume that yi = c− yj and yi 6= yj for some i 6= j. Without loss
of generality assume that y1 = c− y2 and y1 6= y2. We can also assume that
y1 >
c
2 > y2. Then we have that −y1 ∈ Σp and c− y2 = y1 ∈ Σq. Hence by
Lemma 4.6 part 1 for y1, Σp ≡ Σq mod y1.
First, we can choose a bijection between Σp and Σq so that
Σp ⊃ {−y1, 1} ∪ {−1, 1}
s ≡ {c− y2 = y1, 1} ∪ {−1, 1}
s ⊂ Σq mod y1.
Then we are left with
Σp ⊃ {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=2
≡ {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− y1 = y2} ∪ {c− yi}
t
i=3 ⊂ Σq mod y1.
Without loss of generality, let x1 ≤ x2 ≤ · · · ≤ xt+3 and −y3 ≤ −y4 ≤ · · · ≤
−yt, i.e.,
{−c,−b,−y2,−y3 ≤ −y4 ≤ · · · ≤ −yt < 0 < x1 ≤ x2 ≤ · · · ≤ xt+3}
≡ {x1 − c ≤ · · · ≤ xt+3 − c < 0 < c− y3 ≤ · · · ≤ c− yt, c, a, c− y2} mod x1.
Recall that y1 is odd and 2y1 > c where c is the largest weight.
Consider x1 ∈ Σp. If x1 ≡ c − yi mod y1 for some i 6= 1 and 2, then
x1 = c − yi, which contradicts Lemma 6.3. If x1 ≡ xi − c for some i,
x1−2y1 = xi− c, which is a contradiction since x1−2y1 < xi− c for all i. If
x1 ≡ c mod y1, then x1+ y1 = c, which contradicts Lemma 6.3. Therefore,
x1 ≡ a mod y1.
Next, consider −yt ∈ Σp. If −yt ≡ c − yi for some i 6= 1 and 2, then
2y1 − yt = c − yi, which is a contradiction since 2y1 − yt > c − yi for all i.
If −yt ≡ xi − c mod y1 for some i, then −yt = xi − c, which contradicts
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Lemma 6.3. Therefore, we have that either −yt ≡ c mod y1 or −yt ≡ c−y2
mod y1.
Suppose that −yt ≡ c mod y1. This means that −yt+3y1 = c. Then we
have that −yt = c− 3y1 = y1+ y2− 3y1 = y2− 2y1 < y1− 2y1 = −y1 < −y2,
hence −yt < −y2. Next, we consider −y2 ∈ Σp. Using the same argument
for −yt, we have that −y2 ∈ Σp is congruent to no element in Σq modulo
y1, which is a contradiction.
Next, suppose that −yt ≡ c − y2 mod y1. This means that 2y1 − yt =
c − y2. Then we have that 2y1 − yt = c − y2 = y1 + y2 − y2 = y1, hence
y1 = yt. Hence, we have {−y1,−y1} = {−y1,−yt} ⊂ Σp. Then by Lemma
4.6 part 3 for −y1, 2y1 ∈ Σp, which is a contradiction since c < 2y1 where c
is the largest weight. 
Lemma 6.6. Fix a natural number e such that e 6= c2 . In Lemma 6.2, at
most one of xi’s, yi’s, c− xi’s, and c− yi’s can be e.
Proof. Fix a natural number e such that e 6= c2 .
(1) xi = e for some i.
First, by Lemma 6.3, xi 6= c − yj for all j. Second, suppose that
xi = c − xj for some j. Then by Lemma 6.4, 2e = 2xi = 2xj = c,
which is a contradiction.
Third, suppose that xi = yj for some j. Assume that e >
c
2 . Since
{−e, e} = {−yj , xi} ⊂ Σp, either 2e ∈ Σq or 2e ∈ Σr by Lemma 4.6
part 4 for e, which is a contradiction since 2e > c where c is the
largest weight. Next, assume that e < c2 . Since {e − c, c − e} =
{xi− c, c−yj} ⊂ Σq, either 2(c−e) ∈ Σp or 2(c−e) ∈ Σr by Lemma
4.6 part 4 for c− e, which is a contradiction since 2(c− e) > c where
c is the largest weight.
Last, suppose that xi = xj for some j 6= i. Assume that e >
c
2 .
Since {e, e} = {xi, xj} ⊂ Σp, −2e ∈ Σp by Lemma 4.6 part 3 for e,
which is a contradiction since −2e < −c where −c is the smallest
weight. Next, assume that e < c2 . Since {e− c, e− c} = {xi− c, xj −
c} ⊂ Σq, 2(c − e) ∈ Σq by Lemma 4.6 part 3 for e − c, which is a
contradiction since 2(c − e) > c where c is the largest weight.
(2) yi = e for some i.
As above, yi 6= xj for all j. By Lemma 6.3, yi 6= c− xj for all j.
Next, suppose that yi = c − yj for some j. Then by Lemma
6.4, i = j. Hence c = 2yi = 2e, which is a contradiction by the
assumption that e 6= c2 .
Finally, Suppose that yi = yj for some j 6= i. Assume that e >
c
2 .
Since {−e,−e} = {−yi,−yj} ⊂ Σp, 2e ∈ Σp by Lemma 4.6 part 3 for
e, which is a contradiction since 2e > c where c is the largest weight.
Next, assume that e < c2 . Since {c− e, c− e} = {c− yi, c− yj} ⊂ Σq,
−2(c−e) ∈ Σq by Lemma 4.6 part 3 for c−e, which is a contradiction
since −2(c− e) < −c where −c is the smallest weight.
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(3) c− xi = e for some i.
As above, c − xi 6= xj for all j and c − xi 6= yj for all j. Since
xj 6= yk for all j and k, c− xi 6= c− yj for all j. Also, since xj 6= xk
for all j and k, c− xi 6= c− xj for all j.
(4) c− yi = e for some i.
As above, c − yi 6= xj , c − yi 6= yj, and c − yi 6= c − xj for all j.
Since yj 6= yk for all j and k as above, c− yi 6= c− yj for all j.

Lemma 6.7. In Lemma 6.2, xi 6= yj for all i and j.
Proof. Assume on the contrary that xi = yj for some i and j. Then by
Lemma 6.6, xi = yj =
c
2 . Hence, we have {−2x1, x1,−x1} = {−c, x1,−y1} ⊂
Σp, which contradicts Lemma 4.6 part 4 for x1. 
Lemma 6.8. In Lemma 6.2, assume that {−f, f} ⊂ Σr for some natural
number f . If f > 1, then c = 2f , {−c = −2f,−f} ⊂ Σp, {2f = c, f} ⊂ Σq,
and {−f, f} ⊂ Σr. Moreover, no additional multiples of f should appear as
weights.
Proof. Assume that f > 1. By Lemma 4.6 part 4 for f , either {2f, f} ⊂ Σp,
{−2f,−f} ⊂ Σq, and {−f, f} ⊂ Σr, or {−2f,−f} ⊂ Σp, {2f, f} ⊂ Σq,
and {−f, f} ⊂ Σr. However, since Σp does not have a positive even weight,
the former case is impossible. Hence the latter must be the case. Then,
−2f ∈ Σp implies that c = 2f or b = 2f . Suppose that b = 2f . Then we
have that {b = 2f,−f, f} ⊂ Σr, which is a contradiction by Lemma 4.6 part
4 for f . Therefore, c = 2f . 
Lemma 6.9. In Lemma 6.2, if Np(1) > Nr(1) and Nq(1) > Nr(1), then
Np(1) < Nr(1) + 3 or Nq(1) < Nr(1) + 3. Similarly, if Np(−1) > Nr(−1)
and Nq(−1) > Nr(−1), then Np(−1) < Nr(−1)+3 or Nq(−1) < Nr(−1)+3.
Proof. First we prove the former. For this suppose not, i.e., Np(1) ≥ Nr(1)+
3 and Nq(1) ≥ Nr(1) + 3. There are three cases:
(1) a > c2 .
Since a ∈ Σq and −a ∈ Σr, by Lemma 4.6 part 1 for a, Σq ≡ Σr
mod a. With Nq(1) ≥ Nr(1) + 3, this implies that Nr(1 + a) ≥ 2
or Nr(1 − a) ≥ 2, since |1 + ka| > c for |k| ≥ 2. If Nr(1 + a) ≥ 2,
−2(1 + a) ∈ Σr by Lemma 4.6 part 3 for 1 + a, but 2(1 + a) > c,
which is a contradiction. If Nr(1− a) ≥ 2, 2(a− 1) ∈ Σr by Lemma
4.6 part 3 for 1− a. However, 2(a− 1) ≥ c but c /∈ Σr.
(2) a < c2 .
Suppose that a < c2 . Then b = c − a >
c
2 . Since −b ∈ Σp
and b ∈ Σr, by Lemma 4.6 part 1 for b, Σp ≡ Σr mod b. With
Np(1) ≥ Nr(1) + 3, this implies that Nr(1+ b) ≥ 2 or Nr(1− b) ≥ 2,
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since |1 + kb| > c for |k| ≥ 2. If Nr(1 + b) ≥ 2, −2(1 + b) ∈ Σr
by Lemma 4.6 part 3 for 1 + b. However, 2(1 + b) > c, which is a
contradiction. If Nr(1− b) ≥ 2, 2(b− 1) ∈ Σr by Lemma 4.6 part 3
for 1− b. However, 2(b− 1) ≥ c but c /∈ Σr.
(3) a = c2 .
Since a = c2 , we have that b = c − a =
c
2 . Then the isotropy
submanifold MZa must be the third case of Lemma 4.5. This means
that the three fixed point lie in the same component of MZa , hence
Σp ≡ Σq ≡ Σr mod a by Lemma 2.5. With Nq(1) ≥ Nr(1)+3, Σq ≡
Σr mod a implies that Nr(1+a) ≥ 2, Nr(1−a) ≥ 2, Nr(1−2a) ≥ 2,
or Nr(1 + a) = Nr(1 − a) = Nr(1 − 2a) = 1, since |1 + ka| > c for
k 6= −2,−1, 0, and 1.
(a) Nr(1 + a) ≥ 2.
Since Nr(1 + a) ≥ 2, −2(1 + a) ∈ Σr by Lemma 4.6 part 3 for
1+a. However, −2(1+a) < −c where −c is the smallest weight,
which is a contradiction.
(b) Nr(1− 2a) ≥ 2.
By Lemma 4.6 part 3 for 1 − 2a, 2(2a − 1) ∈ Σr. However,
2(2a − 1) = 2(c − 1) > c where c is the largest weight, which is
a contradiction.
(c) Nr(1− a) ≥ 2.
By Lemma 4.6 part 3 for 1−a, Nr(1−a) = 2 and 2(a−1) ∈ Σr.
Since b is the only positive even weight at r, this means that
2(a − 1) = b. Hence a = b = 2 and c = a + b = 4. Then the
weights at p and q are
Σp = {−4,−2} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s
Σq = {4, 2} ∪ {xi − 4}
t+3
i=1 ∪ {4− yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s.
Since c = 4 is the largest weight, all of xi’s and yi’s are either
1 or 3. If at least two of xi’s are 3, Np(3) ≥ 2 hence −6 ∈ Σp
by Lemma 4.6 part 3 for 3, which is a contradiction since −4 is
the smallest weight. If at most one of xi is 1, then at least two
xi − c’s are -3. This means that Nq(−3) ≥ 2 and hence 6 ∈ Σq
by Lemma 4.6 part 3 for −3, which is a contradiction since 4 is
the largest weight.
(d) Nr(1 + a) = Nr(1− a) = Nr(1− 2a) = 1.
Since 1−2a ∈ Σr, by Lemma 2.4 for 1−2a, there must be a weight
of 2a − 1 for some fixed point. If it is r, {2a − 1, 1 − 2a} ⊂ Σr.
Hence 2(2a− 1) ∈ Σp or 2(2a− 1) ∈ Σq by Lemma 4.6 part 4 for
2a − 1, which is a contradiction since 2(2a − 1) = 2(c − 1) > c
where c is the largest weight. Hence either 2a − 1 ∈ Σp or
2a − 1 ∈ Σq. Suppose that 2a − 1 ∈ Σp. Then by Lemma 4.6
part 1 for 2a−1, Σp ≡ Σr mod 2a−1. That Np(1) ≥ Nr(1)+3
implies that Nr(2−2a) ≥ 3 since |1+k(2a−1)| ≥ c for k 6= 0 and
−1, and the fixed point r does not have a weights of c. However,
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r has only one negative even weight −a, which is a contradiction.
Similarly, 2a− 1 ∈ Σq is also impossible.
With a slight variation of this argument, one can prove the latter. 
7. Preliminaries for the largest weight even case part 2
Let the circle act symplectically on a compact, connected symplectic man-
ifold M with exactly three fixed points. Also, assume that dimM ≥ 8 and
the largest weight is even. In this section, for technical reasons, we consider
w = min
α∈MS
1 min{Nα(−1), Nα(1)} and rewrite the weights in terms of
w. And then we further investigate properties that the manifold M should
satisfy in terms of w, if such a manifold exists.
Lemma 7.1. Let w = min
α∈MS
1 min{Nα(−1), Nα(1)}. In Lemma 6.2, the
weights are
Σp = {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} ∪ {−1, 1}
v+w
Σq = {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1} ∪ {−1, 1}
v+w
Σr = {−a, b, · · · } ∪ {−1, 1}
w
for some t ≥ 0 and v ≥ 0, where a, b, and c are even natural numbers such
that c = a+b is the largest weight, and xi’s and yi’s are odd natural numbers
for all i. Moreover, the remaining weights at r are odd.
Proof. In Lemma 6.2, the weights are
Σp = {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s
Σq = {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1} ∪ {−1, 1}
s
Σr = {−a, b, · · · }
for some s ≥ 0 and t ≥ 0 such that dimM = 2n = 12 + 4t+ 4s, where a, b,
and c are even natural numbers such that c = a + b is the largest weight,
and xi’s and yi’s are odd natural numbers for all i. Moreover, the remaining
weights at r are odd.
Let w = min
α∈MS
1 min{Nα(−1), Nα(1)}. We rewrite the weights in terms
of w. We show that {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} in Σp and {c, a} ∪
{xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1} in Σq do not contribute to w, i.e.,
{−1, 1} *
({−c,−b}∪{xi}
t+3
i=1∪{−yi}
t
i=1∪{1})∩({c, a}∪{xi−c}
t+3
i=1∪{c−yi}
t
i=1∪{1}).
First, a, b, and c are even natural numbers. Second, by Lemma 6.6, at most
one of c− xi’s or yi’s can be 1.
Suppose that yi = 1 for some i. Then c− xj 6= 1 for all j by Lemma 6.6.
Hence in Σq, {−1, 1} * ({c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1}).
Next, suppose that c−xi = 1 for some i. Then yj 6= 1 for all j by Lemma
6.6. Hence in Σp, {−1, 1} * ({−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1}).
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Last, if yi 6= 1 and c−xi 6= 1 for all i, then {−1, 1} * ({−c,−b}∪{xi}
t+3
i=1∪
{−yi}
t
i=1∪{1}) in Σp and {−1, 1} * ({c, a}∪{xi− c}
t+3
i=1 ∪{c− yi}
t
i=1∪{1})
in Σq.
Therefore, we can rewrite the weights so that the weights are
Σp = {−c,−b} ∪ {xi}
t+3
i=1 ∪ {−yi}
t
i=1 ∪ {1} ∪ {−1, 1}
v+w
Σq = {c, a} ∪ {xi − c}
t+3
i=1 ∪ {c− yi}
t
i=1 ∪ {1} ∪ {−1, 1}
v+w
Σr = {−a, b, · · · } ∪ {−1, 1}
w
where s = v + w. 
Lemma 7.2. In Lemma 7.1, for each xi, either xi = c − xj for some j or
−xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w).
Proof. By Lemma 2.4, for each xi, either −xi ∈ Σp, −xi ∈ Σq, or −xi ∈ Σr.
First, assume that xi > 1. By Lemma 6.6, xi 6= yj for all j. Hence
−xi /∈ Σp. Next, if −xi ∈ Σq, then −xi = xj − c for some j. If −xi ∈ Σr,
−xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w).
Second, assume that xi = 1. By Lemma 6.6, at most one of c − xi’s
or yi’s can be 1. Hence, either Np(1) > Np(−1) and Nq(1) ≥ Nq(−1), or
Np(1) ≥ Np(−1) and Nq(1) > Nq(−1). By Lemma 2.4, this implies that
Nr(1) < Nr(−1). Therefore, −xi = −1 ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). 
Lemma 7.3. In Lemma 7.1, for each c−yi, yi−c ∈ Σr\({−a, b}∪{−1, 1}
w).
Proof. By Lemma 2.4, for each c − yi, either yi − c ∈ Σp, yi − c ∈ Σq, or
yi − c ∈ Σr.
First, assume that c−yi > 1. Suppose that c−yi ∈ Σq. Then c−yi = c−xj
for some j, which is a contradiction since c− yi 6= c−xj for all j by Lemma
6.7. Next, suppose that yi − c ∈ Σp. Then yi − c = −yj for some j. By
Lemma 6.5, i = j, i.e., c = 2yi. Hence, {−2yi,−yi} = {−c,−yi} ⊂ Σp
and {2yi, yi} = {c, c − yi} ⊂ Σq. The isotropy submanifold M
Zyi must be
the third case of Lemma 4.5. Therefore, we have that {−yi, yi} ⊂ Σr. In
particular, yi−c = −yi ∈ Σr \({−a, b}∪{−1, 1}
w), since c−yi = yi =
c
2 ≥ 2
and c− yi is odd.
Second, assume that c − yi = 1. By Lemma 6.6, at most one of c − xi’s
or yi’s can be 1. Hence, either Np(1) > Np(−1) and Nq(1) ≥ Nq(−1), or
Np(1) ≥ Np(−1) and Nq(1) > Nq(−1). By Lemma 2.4, this implies that
Nr(1) < Nr(−1). Therefore, yi − c = −1 ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). 
Lemma 7.4. In Lemma 7.1, suppose that c−xi 6= 1. Then either c−xi = xj
for some j or c− xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w).
Proof. Suppose that c − xi 6= 1. By Lemma 2.4, for each c − xi, either
c−xi ∈ Σp, c−xi ∈ Σq, or c−xi ∈ Σr. First, assume that c−xi ∈ Σp. Then
c−xi = xj for some j. Second, assume that c−xi ∈ Σq. Then c−xi = c−yj
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for some j, which is a contradiction by Lemma 6.7. Hence c−xi /∈ Σq. Last,
assume that c−xi ∈ Σr. Since c−xi 6= 1, c−xi ∈ Σr \ ({−a, b}∪{−1, 1}
w).

Lemma 7.5. In Lemma 7.1, suppose that yi 6= 1. Then yi ∈ Σr \ ({−a, b}∪
{−1, 1}w).
Proof. Suppose that yi 6= 1. By Lemma 2.4, for each yi, either yi ∈ Σp,
yi ∈ Σq, or yi ∈ Σr. First, assume that yi ∈ Σp. Then yi = xj for some j,
which is a contradiction by Lemma 6.7. Hence yi /∈ Σp. Second, assume that
yi ∈ Σq. Then yi = c − yj for some j. By Lemma 6.5, i = j, i.e., c = 2yi.
Hence, {−2yi,−yi} = {−c,−yi} ⊂ Σp and {2yi, yi} = {c, c − yi} ⊂ Σq. The
isotropy submanifoldMZyi must be the third case of Lemma 4.5. Therefore,
we have that {−yi, yi} ⊂ Σr. In particular, yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w),
since yi =
c
2 ≥ 2 and yi is odd. Last, assume that yi ∈ Σr. Since yi 6= 1,
yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). 
Lemma 7.6. In Lemma 7.1, if xi 6= c− xj for all i and j, then t < v.
Proof. Assume on the contrary that xi 6= c − xj for all i and j, and t ≥ v.
By Lemma 7.2, −xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Also, by Lemma
7.3, yi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i.
We show that xi 6= xj and yi 6= yj for i 6= j. Suppose that xi = xj
for some i 6= j. Then by Lemma 6.6, 2xi = 2xj = c, hence xi = c − xj,
which contradicts the assumption. Therefore, xi 6= xj for i 6= j. Suppose
that yi = yj for some i 6= j. Then by Lemma 6.6, 2yi = 2yj = c, hence
yi = c− yj, which contradicts Lemma 6.5. Therefore, yi 6= yj for i 6= j.
First, suppose that c − xi = 1 for some i. Without loss of generality,
let c − x1 = 1. Then by Lemma 6.6, c − xi 6= 1 for i 6= 1 and yj 6= 1
for all j. Hence c − xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 by Lemma
7.4. Also, yj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all j by Lemma 7.5. Also, by
Lemma 6.3, xi 6= c− yj for all i and j. Therefore, we have that {−xi}
t+3
i=1 ∪
{c − xi}
t+3
i=2 ∪ {yi}
t
i=1 ∪ {c − yi}
t
i=1 ⊂ Σr \ ({−a, b} ∪ {−1, 1}
w), which is a
contradiction since |{−xi}
t+3
i=1∪{c−xi}
t+3
i=2∪{yi}
t
i=1∪{c−yi}
t
i=1| = 4t+5 and
|Σr\({−a, b}∪{−1, 1}
w)| = 2t+4+2u+2v, but 4t+5 = 2t+2t+5 > 2t+4+2v.
Second, suppose that yi = 1 for some i. Without loss of generality,
let y1 = 1. Then by Lemma 6.6, c − xi 6= 1 for all i and yj 6= 1 for
j 6= 1. Hence c− xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.4 and
yj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for j 6= 1 by Lemma 7.5. Also, by Lemma
6.3, xi 6= c− yj for all i and j. Then we have that {−xi}
t+3
i=1 ∪ {c− xi}
t+3
i=1 ∪
{yi}
t
i=2 ∪ {c− yi}
t
i=1 ⊂ Σr \ ({−a, b} ∪ {−1, 1}
w), which is a contradiction.
Finally, suppose that c − xi 6= 1 and yi 6= 1 for all i. Then c − xi ∈ Σr \
({−a, b}∪{−1, 1}w) for all i by Lemma 7.4 and yj ∈ Σr\({−a, b}∪{−1, 1}
w)
for all j by Lemma 7.5. Also, by Lemma 6.3, xi 6= c − yj for all i and
j. Then we have that {−xi}
t+3
i=1 ∪ {c − xi}
t+3
i=1 ∪ {yi}
t
i=1 ∪ {c − yi}
t
i=1 ⊂
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Σr \ ({−a, b} ∪ {−1, 1}
w), which is a contradiction. 
8. The largest weight even case
Let the circle act symplectically on a compact, connected symplectic man-
ifold M with exactly three fixed points. In this section, we show that if
dimM ≥ 8, the largest weight cannot be even. We rule out case by case. In
Lemma 7.1, we have the following cases:
(1) t = 0 and v = 0.
(2) t = 0 and v = 1.
(3) t = 0 and v = 2.
(4) t = 1 and v = 0.
(5) t = 1 and v = 1.
(6) t = 1 and v = 2.
(7) t = 2 and v = 1.
(8) t = 2 and v = 2.
(9) t = 3 and v = 2.
(10) t ≥ 2 + v.
(11) v ≥ 3.
Lemma 8.1. In Lemma 7.1, t = 0 and v = 0 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c, x3 − c, 1} ∪ {−1, 1}
w
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where w = min
α∈MS
1 min{Nα(−1), Nα(1)}, a, b, and c are even natural
numbers such that c = a+ b is the largest weight, and xi’s are odd natural
numbers for all i. Moreover, and the remaining weights at r are odd.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without loss of
generality, let 2x1 = 2x2 = c. Lemma 6.4 also implies that x3 6= c−xi for all
i. Therefore, −x3 ∈ Σr\({−a, b}∪{−1, 1}
w). Note that x1 = c−x1 =
c
2 ≥ 2.
First, suppose that c−x3 = 1. Then we have that x3 = c−1 > 1. Hence,
Np(1) = Np(−1) + 1 = w + 1 and Nq(1) = Nq(−1) = w + 1. Therefore,
Nr(1) + 1 = Nr(−1) by Lemma 2.4 for 1. Considering Lemma 2.4 for each
integer, one can show that the weights are
Σp = {−c,−b, x1, x1, x3, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, f,−f,−1} ∪ {−1, 1}
w
for some odd natural number f . If f > 1, by Lemma 6.8, we have that
c = 2x1 = 2f , which is a contradiction since no additional multiples of x1
should appear by Lemma 4.6 part 3 for x1. Hence f = 1.
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Second, suppose that c − x3 6= 1. Then by Lemma 7.4, c − x3 ∈ Σr \
({−a, b} ∪ {−1, 1}w). Also, Np(1) ≥ Np(−1) + 1 = w + 1 and Nq(1) =
Nq(−1) + 1 = w + 1. Therefore, Nr(1) + 2 ≤ Nr(−1) by Lemma 2.4 for 1.
Considering Lemma 2.4 for each integer, one can show that the weights are
Σp = {−c,−b, x1, x1, x3, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, c− x3,−1,−1} ∪ {−1, 1}
w
Therefore, in either case the weights are
Σp = {−c,−b, x1, x1, x3, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, c− x3,−1,−1} ∪ {−1, 1}
w
Let A = cn(M)|q =
∏
ξjp, B = cn(M)|q =
∏
ξjq , and C = cn(M)|r =
∏
ξjr .
First, 2x1 = c = a + b > b. Since c = a + b ≥ 2 + 2 = 4, x1 =
c
2 ≥ 2.
Therefore, c = 2x1 > x3 implies that x
2
1 > x3. Then
(−1)w
−B − C
a(c− x3)
= cx21 − bx3 > 0,
and this implies that (−1)w+1B > (−1)wC. Also, we have that (−1)wA > 0.
Then, by Theorem 2.1,
0 = (−1)w
∫
M
1 = (−1)w
(
1
A
+
1
B
+
1
C
)
> 0,
which is a contradiction. 
Lemma 8.2. In Lemma 7.1, t = 0 and v = 1 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, 1} ∪ {−1, 1}
w+1
Σq = {c, a, x1 − c, x2 − c, x3 − c, 1} ∪ {−1, 1}
w+1
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where w = min
α∈MS
1 min{Nα(−1), Nα(1)}, a, b, and c are even natural
numbers such that c = a+ b is the largest weight, and xi’s are odd natural
numbers for all i. Moreover, and the remaining weights at r are odd.
(1) xi 6= c− xj for all i and j.
By Lemma 7.2, −xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Assume
that xi = xj for some i 6= j. Then by Lemma 6.6, 2xi = 2xj = c
hence xi = c−xj , which contradicts the assumption. Hence xi 6= xj
for i 6= j.
First, assume that c − xi 6= 1 for all i. Then by Lemma 7.4,
c− xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Hence, the weights are
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Σp = {−c,−b, x1, x2, x3, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c, x3 − c, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x1,−x2,−x3, c− x1, c− x2, c− x3} ∪ {−1, 1}
w
Then we have that λr =
1
2 dimM , which contradicts Lemma 3.3 that
λr =
1
2 dimM + 2.
Next, assume that c−xi = 1 for some i. Without loss of generality,
let c−x3 = 1. Then by Lemma 6.6, c−xi 6= 1 for i 6= 3. By Lemma
7.4, c − xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 3. Also, by the
assumption, xi 6= 1 for i 6= 3. Then Np(1) = Np(−1) + 1 = w + 2
and Nq(1) = Nq(−1) = w + 2. Therefore, Nr(1) + 1 = Nr(−1) by
Lemma 2.4 for 1. Then the weights are
Σp = {−c,−b, x1, x2, c− 1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x1,−x2, 1− c, c − x1, c− x2,−1} ∪ {−1, 1}
w
By Lemma 4.6 part 1 for x3 = c − 1, Σp ≡ Σr mod c − 1. Since
c−x3 = 1, c−x1 6= 1 and c−x2 6= 2 by Lemma 6.6. HenceNr(1) = w.
Then Np(1) ≥ w+2, Nr(1) = w, and Σp ≡ Σr mod c−1 imply that
Nr(2−c) ≥ 2 since |1+k(c−1)| > c| for |k| ≥ 2 and c /∈ Σr. However,
r has only one negative even weight, which is a contradiction.
(2) xi = c− xj for some i and j.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma
6.4, there exist xi and xj where i 6= j such that 2xi = 2xj = c.
Without loss of generality, let 2x1 = 2x2 = c. Lemma 6.4 also
implies that x3 6= c − xi for all i. Therefore, by Lemma 7.2, −x3 ∈
Σr \ ({−a, b} ∪ {−1, 1}
w). Note that x1 = c− x1 =
c
2 ≥ 2.
First, assume that c− x3 = 1. Then Np(1) = Np(−1) + 1 = w+2
and Nq(1) = Nq(−1) = w + 2. Therefore, Nr(1) + 1 = Nr(−1) by
Lemma 2.4 for 1. Considering Lemma 2.4 for each integer, one can
show that the weights are
Σp = {−c,−b, x1, x1, c− 1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b, 1 − c,−1,−f, f,−g, g} ∪ {−1, 1}
w
for some odd natural numbers f and g. If f > 1, then by Lemma 6.8,
{−2f,−f} ⊂ Σp, which is a contradiction since p has no negative odd
weight that is less than -1. Hence f = 1. However, this means that
min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1, which is a contradiction.
Second, assume that c − x3 6= 1. By Lemma 7.4, c − x3 ∈ Σr \
({−a, b}∪{−1, 1}w). Then Np(1) ≥ Np(−1)+1 = w+2 and Nq(1) =
Nq(−1) + 1 = w+2. Therefore, Nr(1) + 2 ≤ Nr(−1) by Lemma 2.4
for 1. Considering Lemma 2.4 for each integer, one can show that
the weights are
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Σp = {−c,−b, x1, x2, x3, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x2,−x1, x3 − c, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, c− x3,−1,−1,−f, f} ∪ {−1, 1}
w
for some odd natural number f . As above, f = 1 and this means that
min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1, which is a contradiction.

Lemma 8.3. In Lemma 7.1, t = 0 and v = 2 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, 1} ∪ {−1, 1}
w+2
Σq = {c, a, x1 − c, x2 − c, x3 − c, 1} ∪ {−1, 1}
w+2
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where w = min
α∈MS
1 min{Nα(−1), Nα(1)}, a, b, and c are even natural
numbers such that c = a+ b is the largest weight, and xi’s are odd natural
numbers for all i. Moreover, and the remaining weights at r are odd.
(1) xi 6= c− xj for all i and j.
By Lemma 7.2, −xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Assume
that xi = xj for some i 6= j. Then by Lemma 6.6, 2xi = 2xj = c
hence xi = c−xj , which contradicts the assumption. Hence xi 6= xj
for i 6= j.
First, assume that c−xi 6= 1 for all i. Then by Lemma 7.4, c−xi ∈
Σr \({−a, b}∪{−1, 1}
w ) for all i. Also, Np(1) ≥ Np(−1)+1 = w+3
and Nq(1) = Nq(−1) + 1 = w + 3. Therefore, Nr(1) + 2 ≤ Nr(−1)
by Lemma 2.4 for 1. Considering Lemma 2.4 for each integer, one
can show that the weights are
Σp = {−c,−b, x1, x2, x3, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c, x3 − c, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x1,−x2,−x3, c−x1, c−x2, c−x3,−1,−1}∪{−1, 1}
w
Then we have that Np(1) ≥ w + 3, Nq(1) ≥ w + 3, and Nr(1) = w,
which contradict Lemma 6.9.
Next, assume that c−xi = 1 for some i. Without loss of generality,
let c − x3 = 1. Then by Lemma 6.6, c − xi 6= 1 for i 6= 3. Hence,
by Lemma 7.4, c − xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 3. Also,
Np(1) ≥ Np(−1)+1 = w+3 andNq(1) = Nq(−1) = w+3. Therefore,
Nr(1) + 1 ≤ Nr(−1) by Lemma 2.4 for 1. Considering Lemma 2.4
for each integer, one can show that the weights are
Σp = {−c,−b, x1, x2, c− 1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c,−1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x1,−x2, 1− c, c− x1, c− x2,−1,−f, f} ∪ {−1, 1}
w
for some odd natural number f . If f > 1, then by Lemma 6.8,
{−2f,−f} ⊂ Σp, which is a contradiction since p has no negative odd
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weight that is less than -1. Hence f = 1. However, this means that
min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1, which is a contradiction.
(2) xi = c− xj for some i and j.
By Lemma 6.4, there exist xi and xj where i 6= j such that 2xi =
2xj = c. Without loss of generality, let 2x1 = 2x2 = c. Lemma
6.4 also implies that x3 6= c − xi for all i. Therefore, −x3 ∈ Σr \
({−a, b} ∪ {−1, 1}w). Note that x1 = c− x1 =
c
2 ≥ 2.
First, assume that c − x3 = 1. Then we have that Np(1) =
Np(−1) + 1 = w + 3 and Nq(1) = Nq(−1) = w + 3. Therefore,
Nr(1) + 1 = Nr(−1) by Lemma 2.4 for 1. Considering Lemma 2.4
for each integer, one can show that the weights are
Σp = {−c,−b, x1, x1, c− 1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1,−1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b, 1 − c,−1,−f, f,−h, h,−k, k} ∪ {−1, 1}
w
for some odd natural numbers f, h, and k. As above, f = 1 and
this means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w+1, which is a
contradiction.
Second, assume that c − x3 6= 1. By Lemma 7.4, c − x3 ∈ Σr \
({−a, b}∪{−1, 1}w). Also, Np(1) ≥ Np(−1)+1 = w+3 and Nq(1) =
Nq(−1) + 1 = w+3. Therefore, Nr(1) + 2 ≤ Nr(−1) by Lemma 2.4
for 1. Considering Lemma 2.4 for each integer, one can show that
the weights are
Σp = {−c,−b, x1, x1, x3, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, c− x3,−1,−1,−f, f,−h, h} ∪ {−1, 1}
w
for some odd natural numbers f and h. As above, f = 1 and this
means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w+1, which is a con-
tradiction.

Lemma 8.4. In Lemma 7.1, t = 1 and v = 0 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, x4,−y, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c, x3 − c, x4 − c, c− y, 1} ∪ {−1, 1}
w
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and y are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd.
By Lemma 7.6, xi = c− xj for some i and j. Then by Lemma 6.4, there
exist xi and xj where i 6= j such that 2xi = 2xj = c. Without loss of
generality, let 2x1 = 2x2 = c. Lemma 6.4 also implies that xi 6= c − xj for
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i 6= 1 and 2, and for all j. Therefore, −xi ∈ Σr\({−a, b}∪{−1, 1}
w) for i = 3
and 4 by Lemma 7.2. Also, by Lemma 7.3, y− c ∈ Σr \ ({−a, b}∪{−1, 1}
w).
Moreover, by Lemma 4.6 part 3 for x, none of xi’s, y, c− xi’s and c− y can
be x for i 6= 1 and 2. Hence, by Lemma 6.6, all of xi’s, y, c− xi’s and c− y
are different for i 6= 1 and 2.
First, suppose that c − xi 6= 1 for all i and y 6= 1. Then by Lemma 7.4,
xi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i = 3 and 4. Also, by Lemma 7.5,
y ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). Then the weights are
Σp = {−c,−b, x1, x1, x3, x4,−y, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c, x4 − c, c − y, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, y, c− x3, c− x4, y − c} ∪ {−1, 1}
w
Then we have that λr =
1
2 dimM , which contradicts Lemma 3.3 that λr =
1
2 dimM + 2.
Second, suppose that y = 1. Then by Lemma 6.6, none of xi’s, c−xi’s, and
c− y is 1 for all i. Hence, by Lemma 7.4, xi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w)
for i = 3 and 4. Moreover, Np(1) = Np(−1) = w + 1 and Nq(1) − 1 =
Nq(−1) = w. By Lemma 2.4 for 1, this implies that Nr(1) = Nr(−1) − 1.
Then the weights are
Σp = {−c,−b, x1, x1, x3, x4,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c, x4 − c, c − 1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, c− x3, c− x4, 1− c,−1} ∪ {−1, 1}
w
By Corollary 2.7, c1(M)|p = 0 and this implies that x3 + x4 = b. Since
x3 + x4 = b < a + b = c = 2x1 and x1 =
c
2 ≥ 2, we have that x
2
1 > x3x4.
Therefore,
(−1)w
B + C
a(c− x3)(c− x4)(c − 1)
= cx21 − bx3x4 > 0.
Also, (−1)wA < 0. Then, by Theorem 2.1,
0 =
∫
M
1 = (−1)w
(
1
A
+
1
B
+
1
C
)
< 0,
which is a contradiction.
Finally, suppose that c − xi = 1 for some i. Since c ≥ 4, c − x1 =
x1 =
c
2 ≥ 2. Hence, c − xi = xi 6= 1 for i = 1 and 2. Therefore, without
loss of generality, let c − x4 = 1. By Lemma 6.6, none of xi’s, c − xj’s,
y, and c − y is 1 for all i and for j 6= 4. Hence, by Lemma 7.4, c − x3 ∈
Σr \({−a, b}∪{−1, 1}
w). Also, by Lemma 7.5, y ∈ Σr \({−a, b}∪{−1, 1}
w).
Moreover, Np(1) = Np(−1) + 1 = w + 1 and Nq(1) = Nq(−1) = w + 1. By
Lemma 2.4 for 1, this implies that Nr(1) = Nr(−1) − 1. Then the weights
are
Σp = {−c,−b, x1, x1, x3, c− 1,−y, 1} ∪ {−1, 1}
w
Σq = {c, a,−x1,−x1, x3 − c,−1, c − y, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, 1 − c, c − x3, y − c, y,−1} ∪ {−1, 1}
w
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By Lemma 4.6 part 1 for c − 1 = x4, Σp ≡ Σr mod c − 1. First, we can
choose a bijection between Σp and Σq so that Σp ⊃ {c−1,−c}∪{−1, 1}
w ≡
{1−c,−1}∪{−1, 1}w ⊂ Σr mod c−1. Since Np(1) = w+1 and Nr(1) = w,
Σp ≡ Σr mod c−1 implies that 2−c ∈ Σr since |1+k(c−1)| > c for |k| ≥ 2
and c /∈ Σr. Since −a is the only negative even weight at r, we have that
−a = 2− c, i.e., a+ 2 = c = a+ b. Hence, b = 2. Then we are left with
{−2 = −b, x1, x1, x3,−y} ≡ {2 = b,−x3, c− x3, y − c, y} mod c− 1.
Since for 2 ∈ Σr, 2 6= −2, x1, and x3 mod c− 1, the only possibility is that
2 ≡ −y mod c − 1, i.e., 2 − c + 1 = −y. Thus y = c − 3. By Corollary
2.7, c1(M)|p = −c− 2 + x1 + x1 + x3 + c − 1 − y + 1 = 0. Hence, we have
that x3 + c = y + 2. However, x3 + c = y + 2 = c − 3 + 2 = c − 1 and so
0 < x3 = −1, which is a contradiction. 
Lemma 8.5. In Lemma 7.1, t = 1 and v = 1 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, x4,−y, 1} ∪ {−1, 1}
w+1
Σq = {c, a, x1 − c, x2 − c, x3 − c, x4 − c, c− y, 1} ∪ {−1, 1}
w+1
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and y are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without
loss of generality, let 2x1 = 2x2 = c. Denote x = x1. Lemma 6.4 also
implies that xi 6= c − xj for i 6= 1 and 2, and for all j. Therefore, −xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i = 3 and 4 by Lemma 7.2. Also, by Lemma
7.3, y − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). Moreover, by Lemma 4.6 part 3 for
x, none of xi’s, y, c − xi’s, and c − y can be x for i 6= 1 and 2. Hence, by
Lemma 6.6, all of xi’s, y, c − xi’s, and c − y are different for i 6= 1 and 2.
We have the following cases:
(1) y = 1.
By Lemma 6.6, none of xi’s, c−xi’s, and c− y is 1 for all i. Then
by Lemma 7.4, c − xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i = 3 and 4.
Moreover, Np(1) = Np(−1) = Nq(1) = Nq(−1) + 1 = w + 2. Hence,
by Lemma 2.4 for 1, Nr(−1) = Nr(1) + 1. Considering Lemma 2.4
for each integer, one can show that the weights are
Σp = {−c,−b, x, x, x3, x4,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, c− 1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, c− x3, c− x4, 1− c,−1,−f, f} ∪ {−1, 1}
w
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for some odd natural number f . Suppose that f > 1. Then by
Lemma 6.8, c = 2x = 2f , which is a contradiction since no additional
multiples of x should appear by Lemma 4.6 part 3 for x. Hence f = 1.
However, this means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1,
which is a contradiction.
(2) c− xi = 1 for some i.
Since 2x1 = 2x2 = c ≥ 4, c − x1 = c − x2 = x1 ≥ 2. Hence,
without loss of generality, assume that c − x4 = 1. By Lemma 6.6,
none of xi’s, y, c − xj’s, and c − y can be 1 for all i and j 6= 4.
Thus y ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) by Lemma 7.5 and c− x3 ∈ Σr \
({−a, b}∪{−1, 1}w) by Lemma 7.4. Moreover, Np(1) = Np(−1)+1 =
Nq(1) = Nq(−1) = w + 2. Hence, by Lemma 2.4 for 1, Nr(−1) =
Nr(1) + 1. Considering Lemma 2.4 for each integer, one can show
that the weights are
Σp = {−c, b, x, x, x3, c− 1,−y, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c,−1, c− y, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, 1− c, y, c − x3, y − c,−1,−f, f} ∪ {−1, 1}
w
for some odd natural number f . Then as above, f = 1, which is a
contradiction since this means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥
w + 1.
(3) y 6= 1 and c− xi 6= 1, for all i.
By Lemma 7.5, y ∈ Σr \ ({−a, b} ∪ {−1, 1}
w). Also, c − xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i = 3 and 4 by Lemma 7.4. Moreover,
Np(1) ≥ Np(−1)+1 and Nq(1) ≥ Nq(−1)+1. Hence, by Lemma 2.4
for 1, Nr(−1) ≥ Nr(1)+2. Considering Lemma 2.4 for each integer,
one can show that the weights are
Σp = {−c,−b, x, x, x3, x4,−y, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, c− y, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, c− x3, c− x4, y, y − c,−1,−1} ∪ {−1, 1}
w
By Lemma 4.6 part 3 for x, no additional multiples of x appear.
Hence, a 6= x and b 6= x. Since 2x = c = a+ b, either a > c2 or b >
c
2 .
(a) a > c2 .
By Lemma 4.6 part 1 for a, Σq ≡ Σr mod a. First, we can
choose so that
Σq ⊃ {c = a+ b, a,−1} ∪ {−1, 1}
w
≡ {−a, b,−1} ∪ {−1, 1}w ⊂ Σr mod a.
Next, {−x,−x} ⊂ Σq and −x /∈ Σr imply that {a− x, a− x} ⊂
Σr\({−a, b,−1}∪{−1, 1}
w), {2a−x, 2a−x} ⊂ Σr\({−a, b,−1}∪
{−1, 1}w), or {a − x, 2a − x} ⊂ Σr \ ({−a, b,−1} ∪ {−1, 1}
w),
since | − x + ka| > c for k < 0 or k > 2. If the first case or the
second case holds, it implies that two of c−x3, c−x4, and y are
equal since c− x3, c− x4, and y are the only positive integers in
Σr \({−a, b,−1}∪{−1, 1}
w), which is a contradiction by Lemma
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6.6. Hence we have that {a − x, 2a − x} ⊂ Σr \ ({−a, b,−1} ∪
{−1, 1}w).
Similarly, Nq(1) = w + 2, Nr(1) = w, and Σq ≡ Σr mod a
imply that either {1 + a, 1 + a} ⊂ Σr \ ({−a, b,−1} ∪ {−1, 1}
w),
{1−a, 1−a} ⊂ Σr \ ({−a, b,−1}∪{−1, 1}
w), or {1−a, 1+a} ⊂
Σr \ ({−a, b,−1} ∪ {−1, 1}
w), since |1 + ka| > c for |k| ≥ 2. If
the first case holds, −2(a + 1) ∈ Σr by Lemma 4.6 part 3 for
a + 1, which is a contradiction since −2(a + 1) < −c where −c
is the smallest weight. If the second case holds, 2(a − 1) ∈ Σr
by Lemma 4.6 part 3 for 1 − a, which is a contradiction since
2(a− 1) ≥ 2x = c but c /∈ Σr. Hence, the third case must be the
case.
To sum up, we have that {1−a, 1+a, a−x, 2a−x} ⊂ {−x3,−x4, y, c−
x3, c − x4, y − c} = Σr \ ({−a, b,−1} ∪ {−1, 1}
w), i.e., 1 − a ∈
{−x3,−x4, y−c} and {1+a, a−x, 2a−x} = {y, c−x3, c−x4}. For
each α ∈ {−x3,−x4, y−c}, we have that α+c ∈ {y, c−x3, c−x4}.
This implies that 1−a+c ∈ {y, c−x3, c−x4} = {1+a, a−x, 2a−
x}. If 1−a+c = 1+a, then 1−a+c = 1−a+2x = 1+a, hence
2x = 2a, which contradicts that a > x. If 1 − a + c = 2a − x,
then 1 − a + c = 1 − a + 2x = 2a − x, hence 3x + 1 = 3a,
which is a contradiction since a > x. Hence 1 − a + c = a − x.
Then we have that c+1 = 2a−x, which is a contradiction since
2a− x ∈ {y, c − x3, c− x4} ⊂ Σr but 2a− x = c+ 1 > c, where
c is the largest weight.
(b) b > c2 .
By Lemma 4.6 part 1 for b, Σp ≡ Σr mod b. First, we can
choose so that
Σp ⊃ {−c = −a− b,−b,−1} ∪ {−1, 1}
w
≡ {−a, b,−1} ∪ {−1, 1}w ⊂ Σr mod b.
Next, as above, one can show that {b−x, 2b−x, b+1} = {y, c−
x3, c − x4}. This implies that b − x + 2b − x + b + 1 = 4b −
2x + 1 = 2c + y − x3 − x4 = y + c − x3 + c − x4. Therefore,
4b − 2x + 1 = 2c + y − x3 − x4 = 4x + y − x3 − x4, hence
4b+1 = 6x+ y − x3 − x4. On the other hand, by Corollary 2.7,
c1(M)|p = b + x3 + x4 − y + 1 = 0. Thus y − x3 − x4 = b + 1.
Then we have that 4b+1 = 6x+ y−x3−x4 = 6x+ b+1, hence
3b = 6x, which is a contradiction since b < 2x = c.

Lemma 8.6. In Lemma 7.1, t = 1 and v = 2 are impossible.
Proof. The weights in this case are
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Σp = {−c,−b, x1, x2, x3, x4,−y, 1} ∪ {−1, 1}
w+2
Σq = {c, a, x1 − c, x2 − c, x3 − c, x4 − c, c− y, 1} ∪ {−1, 1}
w+2
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and y are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd. By Lemma 7.3, y−c ∈ Σr\({−a, b}∪{−1, 1}
w). We have the following
cases:
(1) xi = c− xj for some i and j.
By Lemma 6.4, there exist xi and xj where i 6= j such that 2xi =
2xj = c. Without loss of generality, let 2x1 = 2x2 = c. Denote
x = x1. Lemma 6.4 also implies that xi 6= c−xj for i 6= 1 and 2, and
for all j. Therefore, −xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i = 3 and 4
by Lemma 7.2. Moreover, by Lemma 4.6 part 3 for x, none of xi’s,
y, c − xi’s, and c − y can be x for i 6= 1 and 2. Hence, by Lemma
6.6, all of xi’s, y, c− xi’s, and c− y are different for i 6= 1 and 2.
First, assume that y = 1. Then none of xi’s, c− xi’s, and c− y is
1 for all i. Hence c−xi ∈ Σr \({−a, b}∪{−1, 1}
w) for i = 3 and 4 by
Lemma 7.4. Moreover, Np(1) = Np(−1) = Nq(1) = Nq(−1) + 1 =
w+3. Hence, by Lemma 2.4 for 1, Nr(−1) = Nr(1)+1. Considering
Lemma 2.4 for each integer, one can show that the weights are
Σp = {−c,−b, x, x, x3, x4,−1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, c− 1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, c−x3, c−x4, 1−c,−1,−f, f,−h, h}∪{−1, 1}
w
for some odd natural numbers f and h. Suppose that f > 1. Then
by Lemma 6.8, c = 2x = 2f , which contradicts Lemma 4.6 part 3
for x. Hence f = 1, which is a contradiction since it means that
min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1.
Second, assume that c − xi = 1 for some i. Since c − x1 = c −
x2 = x1 =
c
2 ≥ 2, without loss of generality, let c − x4 = 1. Then
none of xi’s, c − xj ’s, y, and c − y is 1 for all i and j 6= 4. Thus
y ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) by Lemma 7.5 and c − x3 ∈ Σr \
({−a, b}∪{−1, 1}w) by Lemma 7.4. Moreover, Np(1) = Np(−1)+1 =
Nq(1) = Nq(−1) = w + 3. Hence, by Lemma 2.4 for 1, Nr(−1) =
Nr(1) + 1. Considering Lemma 2.4 for each integer, one can show
that the weights are
Σp = {−c,−b, x, x, x3, c− 1,−y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c,−1, c − y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3, 1− c, y, c− x3, y − c,−1,−f, f,−h, h} ∪ {−1, 1}
w
for some odd natural numbers f and h. As above, f = 1, which is a
contradiction since it means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥
w + 1.
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Last, assume that y 6= 1 and c − xi 6= 1 for all i. By Lemma 7.5,
y ∈ Σr \({−a, b}∪{−1, 1}
w). Also, c−xi ∈ Σr \({−a, b}∪{−1, 1}
w)
for i = 3 and 4 by Lemma 7.4. Moreover, Np(1) ≥ Np(−1) + 1
and Nq(1) ≥ Nq(−1) + 1. Hence, by Lemma 2.4 for 1, Nr(−1) ≥
Nr(1) + 2. Considering Lemma 2.4 for each integer, one can show
that the weights are
Σp = {−c,−b, x, x, x3, x4,−y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, c− y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, y, c−x3, c−x4, y−c,−1,−1,−f, f}∪{−1, 1}
w
for some odd natural number f . As above, f = 1, which is a contra-
diction since it means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w+1.
(2) xi 6= c− xj , for all i and j.
By Lemma 7.2, −xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Also, by
Lemma 7.3, y − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w).
We show that xi 6= xj for i 6= j. Suppose that xi = xj for some
i 6= j. Then by Lemma 6.6, 2xi = 2xj = c, hence xi = c− xj , which
contradicts the assumption. Therefore, xi 6= xj for i 6= j. Moreover,
by Lemma 6.3, xi 6= c− y for all i and j.
First, suppose that y = 1. By Lemma 6.6, none of xi’s, c − xi’s,
and c−y is 1. Then by Lemma 7.4, c−xi ∈ Σr \({−a, b}∪{−1, 1}
w)
for all i. Moreover, Np(1) = Np(−1) = Nq(1) = Nq(−1)+1 = w+3.
Hence, by Lemma 2.4 for 1, Nr(−1) = Nr(1)+1. Hence, the weights
are
Σp = {−c,−b, x1, x2, x3, x4,−1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1−c, x2−c, x3−c, x4−c, c−1, 1,−1, 1,−1, 1}∪{−1, 1}
w
Σr = {−a, b} ∪ {−xi}
4
i=1 ∪ {c− xi}
4
i=1 ∪ {1− c,−1} ∪ {−1, 1}
w
Then we have that Np(1) ≥ w + 3, Nq(1) ≥ w + 3, and Nr(1) = w,
which is a contradiction by Lemma 6.9.
Second, suppose that c − xi = 1 for some i. Without loss of
generality, assume that c − x4 = 1. By Lemma 6.6, none of xi’s,
c−xj’s, y, and c−y is 1 for all i and j 6= 4. Thus y ∈ Σr \ ({−a, b}∪
{−1, 1}w) by Lemma 7.5 and c− xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for
i 6= 4 by Lemma 7.4. Moreover, Np(1) = Np(−1) + 1 = Nq(1) =
Nq(−1) = w+3. Therefore, by Lemma 2.4 for 1, Nr(−1) = Nr(1)+1.
Hence, the weights are
Σp = {−c,−b, x1, x2, x3, x4,−y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1 − c, x2 − c, x3 − c,−1, c− y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b} ∪ {−xi}
4
i=1 ∪ {c− xi}
3
i=1 ∪ {y, y − c,−1} ∪ {−1, 1}
w
Then we have that Np(1) ≥ w + 3, Nq(1) ≥ w + 3, and Nr(1) = w,
which is a contradiction by Lemma 6.9.
Finally, suppose that y 6= 1 and c−xi 6= 1 for all i. By Lemma 7.5,
y ∈ Σr \({−a, b}∪{−1, 1}
w). Also, c−xi ∈ Σr \({−a, b}∪{−1, 1}
w)
for all i by Lemma 7.4. Hence, the weights are
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Σp = {−c,−b, x1, x2, x3, x4,−y, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a, x1−c, x2−c, x3−c, x4−c, c−y, 1,−1, 1,−1, 1}∪{−1, 1}
w
Σr = {−a, b} ∪ {−xi}
4
i=1 ∪ {y} ∪ {c− xi}
4
i=1 ∪ {y − c} ∪ {−1, 1}
w
Then we have that Np(1) ≥ w + 3, Nq(1) ≥ w + 3, and Nr(1) = w,
which is a contradiction by Lemma 6.9.

Lemma 8.7. In Lemma 7.1, t = 2 and v = 1 are impossible.
Proof. The weights in this case are
Σp = {−c,−b, x1, x2, x3, x4, x5,−y1,−y2, 1} ∪ {−1, 1}
w+1
Σq = {c, a, x1 − c, x2 − c, x3 − c, x4 − c, x5 − c, c− y1, c− y2, 1} ∪ {−1, 1}
w+1
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and yi’s are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without
loss of generality, let 2x1 = 2x2 = c. Denote x = x1. Lemma 6.4 also
implies that xi 6= c − xj for i 6= 1 and 2, and for all j. Therefore, −xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 and 2 by Lemma 7.2. Also, by Lemma
7.3, yi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Moreover, by Lemma 4.6
part 3 for x, none of xi’s, yj’s, c− xi’s, and c − yj’s can be x for i 6= 1 and
2, and for all j. Hence, by Lemma 6.6, all of xi’s, yj’s, c− xi’s, and c− yj’s
are different for i 6= 1 and 2, and for all j.
First, suppose that yi = 1 for some i. Without loss of generality, let
y2 = 1. Then none of xi’s, c−xi’s, y1, and c−yi’s is 1 for all i. Then we have
that y1 ∈ Σr \({−a, b}∪{−1, 1}
w) by Lemma 7.5 and c−xi ∈ Σr\({−a, b}∪
{−1, 1}w) for i 6= 1 and 2 by Lemma 7.4. Moreover, Np(1) = Np(−1) and
Nq(1) = Nq(−1) + 1. Hence, by Lemma 2.4 for 1, Nr(1) + 1 = Nr(−1).
Then the weights are
Σp = {−c,−b, x, x, x3, x4, x5,−y1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, x5 − c, c − y1, c− 1, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4,−x5, y1, c−x3, c−x4, c−x5, y1−c, 1−c,−1}∪{−1, 1}
w
Then Σq ≡ Σr mod c−1 by Lemma 4.6 part 1 for c−1. First, |1+k(c−1)| >
c for |k| ≥ 2. Also, c /∈ Σr. Then, Nq(1) = w + 2, Nr(1) = w, and Σq ≡ Σr
mod c − 1 imply that Nr(2 − c) = 2, which is a contradiction since r has
only one negative even weight.
Second, suppose that c − xi = 1 for some i. Since c − x1 = c − x2 =
x1 =
c
2 ≥ 2, without loss of generality, let c − x5 = 1. Then none of
xi’s, c − xj ’s, yi’s, and c − yi’s is 1 for all i and j 6= 5. Therefore, we
have that yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.5 and c −
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xj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for j = 3 and 4 by Lemma 7.4. Moreover,
Np(1) = Np(−1) + 1 and Nq(1) = Nq(−1). Hence, by Lemma 2.4 for 1,
Nr(1) + 1 = Nr(−1). Then the weights are
Σp = {−c,−b, x, x, x3, x4, c− 1,−y1,−y2, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c,−1, c − y1, c− y2, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4, 1−c, y1, y2, c−x3, c−x4, y1−c, y2−c,−1}∪{−1, 1}
w
Then Σp ≡ Σr mod c − 1 by Lemma 4.6 part 1 for c − 1. As above,
Np(1) = w+2, Nr(1) = w, and Σp ≡ Σr mod c−1 imply that Nr(2−c) = 2,
which is a contradiction since r has only one negative even weight.
Last, suppose that c − xi 6= 1 and yi 6= 1 for all i. Then we have that
yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.5 and c − xj ∈ Σr \
({−a, b} ∪ {−1, 1}w) for j 6= 1 and 2 by Lemma 7.4. Then the weights are
Σp = {−c,−b, x, x, x3, x4, x5,−y1,−y2, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3 − c, x4 − c, x5 − c, c− y1, c− y2, 1,−1, 1} ∪ {−1, 1}
w
Σr = {−a, b,−x3,−x4,−x5, y1, y2, c−x3, c−x4, c−x5, y1−c, y2−c}∪{−1, 1}
w
Then we have that λr =
1
2 dimM , which contradicts Lemma 3.3 that λr =
1
2 dimM + 2. 
Lemma 8.8. In Lemma 7.1, t = 2 and v = 2 are impossible.
Proof. In this case, the weights are
Σp = {−c,−b, x1, x2, x3, x4, x5,−y1,−y2, 1} ∪ {−1, 1}
w+2
Σq = {c, a, x1 − c, x2 − c, x3 − c, x4 − c, x5 − c, c− y1, c− y2, 1} ∪ {−1, 1}
w+2
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and yi’s are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without
loss of generality, let 2x1 = 2x2 = c. Denote x = x1. Lemma 6.4 also
implies that xi 6= c − xj for i 6= 1 and 2, and for all j. Therefore, −xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 and 2 by Lemma 7.2. Also, by Lemma
7.3, yi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Moreover, by Lemma 4.6
part 3 for x, none of xi’s, yj’s, c− xi’s, and c − yj’s can be x for i 6= 1 and
2, and for all j. Hence, by Lemma 6.6, all of xi’s, yj’s, c− xi’s, and c− yj’s
are different for i 6= 1 and 2, and for all j.
First, suppose that yi = 1 for some i. Without loss of generality, let y2 =
1. Then none of xi’s, c−xi’s, y1, and c−yi’s is 1 for all i. Therefore, we have
that y1 ∈ Σr \({−a, b}∪{−1, 1}
w) by Lemma 7.5 and c−xi ∈ Σr\({−a, b}∪
{−1, 1}w) for i 6= 1 and 2 by Lemma 7.4. Moreover, Np(1) = Np(−1) and
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Nq(1) = Nq(−1) + 1. Hence, by Lemma 2.4 for 1, Nr(1) + 1 = Nr(−1).
Considering Lemma 2.4 for each integer, the weights are
Σp = {−c,−b, x, x, x3, x4, x5,−y1,−1, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3−c, x4−c, x5−c, c−y1, c−1, 1,−1, 1,−1, 1}∪{−1, 1}
w
Σr = {−a, b}∪{−xi}
5
i=3∪{y1}∪{c−xi}
5
i=3∪{yi−c}
2
i=1∪{−1,−f, f}∪{−1, 1}
w
for some odd natural number f . If f > 1, by Lemma 6.8, c = 2x = 2f ,
which is a contradiction that no additional multiples of x should appear as
weights by Lemma 4.6 part 3 for x. Hence f = 1, which is a contradiction
since it means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1.
Second, suppose that c − xi = 1 for some i. Since c − x1 = c − x2 =
x1 =
c
2 ≥ 2, without loss of generality, let c − x5 = 1. Then none of
xi’s, c − xj ’s, yi’s, and c − yi’s is 1 for all i and j 6= 5. Therefore, we
have that yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.5 and c −
xj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for j = 3 and 4 by Lemma 7.4. Moreover,
Np(1) = Np(−1) and Nq(1) = Nq(−1) + 1. Hence, by Lemma 2.4 for 1,
Nr(1) + 1 = Nr(−1). Then the weights are
Σp = {−c,−b, x, x, x3, x4, c− 1,−y1,−y2, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3− c, x4− c,−1, c− y1, c− y2, 1,−1, 1,−1, 1}∪{−1, 1}
w
Σr = {−a, b}∪{−xi}
5
i=3∪{yi}
2
i=1∪{c−xi}
4
i=3∪{yi−c}
2
i=1∪{−1,−f, f}∪{−1, 1}
w
for some odd natural number f . As above, f = 1, which is a contradiction
since it means that min
α∈MS
1 min{Nα(−1), Nα(1)} ≥ w + 1.
Last, suppose that c − xi 6= 1 and yi 6= 1 for all i. Then we have that
yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.5 and c − xj ∈ Σr \
({−a, b}∪{−1, 1}w) for j 6= 1 and 2 by Lemma 7.4. SinceNp(1) ≥ Np(−1)+1
and Nq(1) ≥ Nq(−1) + 1, by Lemma 2.4 for 1, Nr(1) + 2 ≤ Nr(−1). Then
the weights are
Σp = {−c,−b, x, x, x3, x4, x5,−y1,−y2, 1,−1, 1,−1, 1} ∪ {−1, 1}
w
Σq = {c, a,−x,−x, x3−c, x4−c, x5−c, c−y1, c−y2, 1,−1, 1,−1, 1}∪{−1, 1}
w
Σr = {−a, b}∪{−xi}
5
i=3∪{yi}
2
i=1∪{c−xi}
5
i=3∪{yi−c}
2
i=1∪{−1,−1}∪{−1, 1}
w
Then we have that Np(1) ≥ w+ 3, Nq(1) ≥ w+ 3, and Nr(1) = w, which is
a contradiction by Lemma 6.9. 
Lemma 8.9. In Lemma 7.1, t = 3 and v = 2 are impossible.
Proof. In this case, the weights
Σp = {−c,−b} ∪ {xi}
6
i=1 ∪ {−yi}
3
i=1 ∪ {1} ∪ {−1, 1}
w+2
Σq = {c, a} ∪ {xi − c}
6
i=1 ∪ {c− yi}
3
i=1 ∪ {1} ∪ {−1, 1}
w+2
Σr = {−a, b, · · · } ∪ {−1, 1}
w,
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where a, b, and c are even natural numbers such that c = a + b is the
largest weight, xi’s and yi’s are odd natural numbers for all i, and w =
min
α∈MS
1 min{Nα(−1), Nα(1)}. Moreover, the remaining weights at r are
odd.
By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without
loss of generality, let 2x1 = 2x2 = c. Denote x = x1. Lemma 6.4 also
implies that xi 6= c − xj for i 6= 1 and 2, and for all j. Therefore, −xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 and 2 by Lemma 7.2. Also, by Lemma
7.3, yi − c ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i. Moreover, by Lemma 4.6
part 3 for x, none of xi’s, yj’s, c− xi’s, and c − yj’s can be x for i 6= 1 and
2, and for all j. Hence, by Lemma 6.6, all of xi’s, yj’s, c− xi’s, and c− yj’s
are different for i 6= 1 and 2, and for all j.
First, suppose that yi = 1 for some i. Without loss of generality, let
y3 = 1. Then none of xi’s, c − xi’s, yj’s, and c − yi’s is 1 for all i and
j 6= 3. Therefore, yi ∈ Σr \ ({−a, b}∪{−1, 1}
w) for i 6= 3 by Lemma 7.5 and
c−xj ∈ Σr \ ({−a, b}∪ {−1, 1}
w) for j 6= 1 and 2 by Lemma 7.4. Moreover,
Np(1) = Np(−1) and Nq(1) = Nq(−1) + 1. Hence, by Lemma 2.4 for 1,
Nr(1) + 1 = Nr(−1). Then the weights are
Σp = {−c,−b, x, x, x3, x4, x5, x6,−y1,−y2,−1, 1} ∪ {−1, 1}
w+2
Σq = {c, a,−x,−x, x3−c, x4−c, x5−c, x6−c, c−y1, c−y2, c−1, 1}∪{−1, 1}
w+2
Σr = {−a, b}∪{−xi}
6
i=3∪{yi}
2
i=1∪{c−xi}
6
i=3∪{yi−c}
3
i=1∪{−1}∪{−1, 1}
w
Then we have that Np(1) = w+ 3, Nq(1) = w+ 3, and Nr(1) = w, which is
a contradiction by Lemma 6.9.
Second, suppose that c− xi = 1 for some i. Since c− x1 = c− x2 = x1 =
c
2 ≥ 2, without loss of generality, let c− x6 = 1. Then none of xi’s, c− xj’s,
yi’s, and c − yi’s is 1 for all i and j 6= 6. Therefore, yi ∈ Σr \ ({−a, b} ∪
{−1, 1}w) for all i by Lemma 7.5 and c − xj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w)
for j = 3, 4, and 5 by Lemma 7.4. Moreover, Np(1) = Np(−1) + 1 and
Nq(1) = Nq(−1). Hence, by Lemma 2.4 for 1, Nr(1) + 1 = Nr(−1). Then
the weights are
Σp = {−c,−b, x, x, x3, x4, x5, c− 1,−y1,−y2,−y3, 1} ∪ {−1, 1}
w+2
Σq = {c, a,−x,−x, x3−c, x4−c, x5−c,−1, c−y1, c−y2, c−y3, 1}∪{−1, 1}
w+2
Σr = {−a, b}∪{−xi}
6
i=3∪{yi}
3
i=1∪{c−xi}
5
i=3∪{yi−c}
3
i=1∪{−1}∪{−1, 1}
w
Then we have that Np(1) = w+ 3, Nq(1) = w+ 3, and Nr(1) = w, which is
a contradiction by Lemma 6.9.
Last, suppose that c − xi 6= 1 and yi 6= 1 for all i. Then we have that
yi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for all i by Lemma 7.5 and c − xj ∈ Σr \
({−a, b} ∪ {−1, 1}w) for j 6= 1 and 2 by Lemma 7.4. Then the weights are
Σp = {−c,−b, x, x, x3, x4, x5, x6,−y1,−y2,−y3, 1} ∪ {−1, 1}
w+2
Σq = {c, a,−x,−x, x3−c, x4−c, x5−c, x6−c, c−y1, c−y2, c−y3, 1}∪{−1, 1}
w+2
Σr = {−a, b} ∪ {−xi}
6
i=3 ∪ {yi}
3
i=1 ∪ {c− xi}
6
i=3 ∪ {yi − c}
3
i=1 ∪ {−1, 1}
w
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Then we have that Np(1) ≥ w+ 3, Nq(1) ≥ w+ 3, and Nr(1) = w, which is
a contradiction by Lemma 6.9. 
Lemma 8.10. In Lemma 7.1, t ≥ v + 2 is impossible.
Proof. By Lemma 7.6, xi = c − xj for some i and j. Then by Lemma 6.4,
there exist xi and xj where i 6= j such that 2xi = 2xj = c. Without loss of
generality, let 2x1 = 2x2 = c. Lemma 6.4 also implies that xi 6= c − xj for
i 6= 1 and 2, and for all j. Therefore, −xi ∈ Σr\({−a, b}∪{−1, 1}
w) for i 6= 1
and 2 by Lemma 7.2. Also, by Lemma 7.3, yi− c ∈ Σr \ ({−a, b}∪{−1, 1}
w)
for all i. Moreover, by Lemma 4.6 part 3 for x, none of xi’s, yj’s, c − xi’s,
and c− yj’s can be x for i 6= 1 and 2, and for all j. Hence, by Lemma 6.6,
all of xi’s, yj’s, c−xi’s, and c− yj’s are different for i 6= 1 and 2, and for all
j.
First, suppose that c−xi = 1 for some i. Since c−x1 = c−x2 = x1 =
c
2 ≥
2, without loss of generality, let c−x3 = 1. Then, by Lemma 6.6, c−xi 6= 1
for i 6= 3 and yj 6= 1 for all j. Then c − xi ∈ Σr({−a, b} ∪ {−1, 1}
w)
for i 6= 1, 2, and 3 by Lemma 7.4, and yj ∈ Σ({−a, b} ∪ {−1, 1}
w) for
all j by Lemma 7.3. Therefore, we have that {−xi}
t+3
i=3 ∪ {yi}
t
i=1 ∪ {c −
xi}
t+3
i=4 ∪ {yi − c}
t
i=1 ⊂ Σr \ ({−a, b} ∪ {−1, 1}
w), which is a contradiction
since there are 2t + 4 + 2u + 2v spaces in Σr \ ({−a, b} ∪ {−1, 1}
w) but
4t+ 1 > 4t ≥ 2t+ 4 + 2u+ 2v by the assumption.
Second, suppose that yi = 1 for some i. Without loss of generality, let
y1 = 1. Then, by Lemma 6.6, c − xi 6= 1 for all i and yj 6= 1 for j 6= 1.
Then c − xi ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 and 2 by Lemma 7.4,
and yj ∈ Σr \ ({−a, b} ∪ {−1, 1}
w) for j 6= 1 by Lemma 7.3. Therefore, we
have that {−xi}
t+3
i=3 ∪ {yi}
t
i=2 ∪ {c − xi}
t+3
i=3 ∪ {yi − c}
t
i=1 ⊂ Σr \ ({−a, b} ∪
{−1, 1}w), which is a contradiction since there are 2t + 4 + 2u + 2v spaces
in Σr \ ({−a, b} ∪ {−1, 1}
w) but 4t + 1 > 4t ≥ 2t + 4 + 2u + 2v by the
assumption.
Last, suppose that c − xi 6= 1 and yi 6= 1 for all i. Then c − xi ∈
Σr \ ({−a, b} ∪ {−1, 1}
w) for i 6= 1 and 2 by Lemma 7.4, and yj ∈ Σr \
({−a, b} ∪ {−1, 1}w) for all j by Lemma 7.3. Therefore, we have that
{−xi}
t+3
i=3 ∪ {yi}
t
i=1 ∪ {c − xi}
t+3
i=3 ∪ {yi − c}
t
i=1 ⊂ Σr \ ({−a, b} ∪ {−1, 1}
w),
which is a contradiction since there are 2t + 4 + 2u + 2v spaces in Σr \
({−a, b} ∪ {−1, 1}w) but 4t+ 2 > 4t ≥ 2t+ 4 + 2u+ 2v by the assumption.

Lemma 8.11. In Lemma 7.1, v ≥ 3 are impossible.
Proof. First, min{Np(−1), Np(1)} ≥ w+3 and min{Nq(−1), Nq(1)} ≥ w+3.
If min{Nr(−1), Nr(1)} > w, then minα∈MS1 min{Nα(−1), Nα(1)} ≥ w + 1,
which is a contradiction. Hence min{Nr(−1), Nr(1)} = w. Then either
Nr(−1) = w or Nr(1) = w. However, neither case is possible by Lemma 6.9.
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